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AN EXPERIbfENTAL STUDY 
OF THE: HYDROMAGNXTIC WAVEGUIDE 
Robert Henry Herte l  
ABSTRACT 
The hydromagnetic waveguide consis ts  of a cy l indr ica l  metal 
tube f i l l e d  with a longitudinally magnetized plasma. Among the 
c lasses  of waves which propagate i n  t h i s  system a re  the compres- 
s iona l  hydromagnetic modes, characterized by a waveguide cutoff 
a t  low frequencies and by a resonance a t  the  e lectron cyclotron 
frequency. This paper presents the  r e s u l t s  of observations of 
t h e  propagation of such waves i n  a decaying hydrogen plasma a t  
frequencies from 0.8 t o  3.4 times the  ion cyclotron frequency. 
The phase s h i f t  and attenuation of t he  waves a r e  interpreted i n  
terms of the  ion density and the temperature by applying a theory 
based on a three-f luid  description of the  plasma. Spectroscopic 
measurements of the  B l i n e  p ro f i l e  and absolute in tens i ty  a r e  B 
used t o  check the  density and temperature inferred from the wave 
measurements. 
The r e s u l t s  of t h i s  study indicate  t h a t  a simple approximate 
re la t ionsh ip  between the  phase fac tor  and density obtained by 
neglecting d iss ipa t ion  gives dens i t i es  which agree well with t he  
spectroscopic measurements. As a diagnostic t o o l  t h i s  method 
may y ie ld  dens i t i es  t o  within 25% over a range of two decades. 
In the case of amplitude measurements only somiquantitative 
agreement between the wave and spectroscopic measurements i s  
found, but the amplitude curves do show evidence of interfer- 
ences between modes and a sharp cutoff at  a cr i t i ca l  density, 
both effects predicted by the theory. 
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I. INTRODUCTION 
1.1 Background of the Problem 
The study of wave propagation i n  plasmas forms an important 
branch of the f i e l d  of plasma physics f o r  a t  l eas t  three reasons: 
(a)  Some types of plasma waves occur natural ly  or  as  the r e su l t  of 
unintentfonal o r  unavoidable interact ions between electromagnetic 
waves and natural  plasmas; (b) Waves a re  one means of interact ing with 
na tura l  o r  laboratory plasmas, e i the r  fo r  diagnostic purposes o r  t o  
modify the  plasma; and (c)  a study of wave propagation i s  one means 
f o r  investigating the va l id i ty  of the  equations used t o  describe a 
plasma. This investigation i s  primarily concerned with the l a s t  objec- 
t ive ,  although there are  some rather specialized diagnostic applications 
f o r  the resu l t s .  
The part icular  class of waves--the compressional hydromagnetic 
modes--studied i n  t h i s  investigation i s  closely related t o  the waves 
predicted by ~ l f v 6 n  (1) i n  1942. ~ l f v 6 n  waves may be described as 
waves which propagate i n  a conducting f l u i d  penetrated by a magnetic 
f i e l d  strong enough so tha t  the f i e l d  l i nes  are "frozenff in to  the 
f lu id .  In  a hydrogen plasma, fo r  example, a f i e l d  strength of 
1 ueb/mz implies tha t  a 1 eV proton w i l l  s p i r a l  about a f i e l d  l i n e  
with a gyromagnetic radius of about 0.1 mm. I f  the f i e l d  l ines  are 
displaced, it can be shown tha t  the pa r t i c l e s  tend t o  follow the  motion. 
The force on the par t ic les  for  small displacements of the f i e l d  l ines  
turns out t o  be just  what one would compute i f  the  f i e l d  l ines  were 
$. Alfv;n, Ark. Mat., A s t r .  Fysik - 293, 2 (1942). 
2 
e l a s t i c  s t r ings having a tension B /CL per uni t  area along the direc- 0 0 
t ion  of the f i e l d .  The mass per uni t  area of a 1-meter length of the 
3 
"string" i s  just  po , the  mass density of the plasma i n  kg/m . 
Hence by analogy with the propagation of waves on an e l a s t i c  s t r ing  we 
2 fin& for  the wave velocity the AW& speed VA = dBo/pop0 . 
A more detai led and r i g o r ~ u s  analysis requires a careful speci- 
f ica t ion  of the type of wave under consideration. If the  analysis i s  
r e s t r i c t ed  t o  rnonochromatfc plane waves traveling along the magnetic 
f i e ld ,  one f inds two c i rcu lar ly  polarized waves with phase veloci t ies  
approaching V a t  low frequencies (2 ) .  It i s  customary t o  re fer  t o  A 
any equation r e l a t ing  the wave frequency cu and the wavelength (or, 
equivalently, the phase velocity o r  phase constant) as  a dispersion 
re la t ion .  For a plasma i n  which temperature e f fec ts  are negligible, 
the dispersion re la t ion  fo r  the waves under discussion may be written 
i n  the  form 
where N = c/vp i s  the index of refraction o r  the r a t i o  of the velo- 
2 
c i t y  of l i gh t  t o  the  phase velocity, m = ne /meco i s  the  plasma P 
frequency, and mc = mO/me and Qc = a o / m i  a re  the electron and ion 
cyclotron frequencies. 
2 g2 i s  sketched i n  Fig. 1.1. Note tha t  N = 1 corresponds t o  
2 propagation a t  the  velocity of l i g h t  and N < 0 implies an evanescent 
2 ~ .  H. Stix,  The Theory of Plasma Waves (~c~raw- ill Book Company, Inc., 
New York, 1962), pp. 32-34. 
Figure 1.1 Dispersion Relation fo r  Plane Waves 
Propagating along the Magnetic Field 
( spa t ia l ly  decaying) wave. The upper sign i n  equation 1.1 corresponds 
t o  a right-haad circular ly polarized wave with an index of refraction 
*R . I ts  e l e c t r i c  f i e l d  vector ro ta tes  i n  the stme sense as  the elec- 
t ron  gyrations about the f i e l d  lines; a t  the electron cyclotron fre-  
quency the phase velocity approaches zero and the wave i s  said t o  have 
a resonance. No propagation i s  possible i n  t h i s  node f o r  frequencies 
between mc and the cutoff frequency o, corresponding t o  N = 0 . R R 
The high-frequency branch extending from % t o  i n f i n i t y  corresponds 
t o  propagation with a phase velocity greater than the speed of l i gh t .  
The lower sign i n  equation 1.1 represents a left-hand 
polarized wave whose properties a re  similar t o  the first branch 
except tha t  the resonance occurs a t  the ion cyclotron frequency and 
the  cutoff frequency u+, i s  lower than cl R 
Both waves have phase veloci t ies  approaching VA as the  fre-  
quency approaches zero; thus they may be referred t o  as  the f a s t  ( N ~ )  
and slow ( N ~ )  Alfve'n waves. I n  the frequency region described by 
0 << o, << the f a s t  wave is  frequently referred t o  as the whistler 
C C 
mode. 
The resu l t s  of the plane-wave theory may be expected t o  apply 
t o  experimental s i tuat ions i n  which the dimensions of the plasma are  
very large compared t o  the wavelength and where techniques f o r  launch- 
ing nearly plane waves are  available. I n  t h i s  connection two groups of 
experiments are  noteworthy. Using the high-frequency branches above 
the plasma frequency one can measure the phase s h i f t  undergone by a 
plane wave i n  progagating through a known length of plasma t o  determine 
the plasma density. Usually such experilwilts are  performed with the 
wave propagating across the magnetic f i e l d  with E p a r a l l e l  t o  , 
- 
or ,  equivalently, with no magnetic f i e l d .  For typica l  laboratory plasma 
22 - 
deusl t ies  (1015 t o  10 m 3, the plasma frequency ranges'from a few 
hundred megacycles t o  a few hundred gigacycles so t h a t  microwave in t e r -  
ferometers are  used f o r  the  measurements (3).  For the denser plasmas 
3 ~ .  E. r n d ,  Plasma Physics (~c~rav- ill Book ~ o m p & ~ ,  Inc., New 
York, 1962). 
infrared and even v is ib le  l i gh t  interferometers (4) have been used. 
The second group of experiments f o r  which the plane wave theory 
i s  a good approximation includes the laboratory studies of whistler 
mode propagation a t  microwave frequencies. Such observations were 
f i r s t  reported by Gallet e t  a 1  (5) ,  and. have since been verif ied by 
other investigators (6-8). I n  several of these experiments in te r -  
ferometers capable of separating the l e f t -  and right-hand circular ly 
polarized waves were used and propagation i n  the high-frequency 
branches a s  well as  i n  the whistler mde was investigated. 
We now turn from the high-frequency experiments related t o  ours 
t o  a br ief  summary of relevant work on low-frequency ~ l f v g n  waves. 
Although the  f i r s t  experimental observation (9) of Alfve/n wave propaga- 
t i o n  used mercury fo r  the conducting f lu id ,  most l a t e r  investigators 
used gaseous plasmas where the wave damping i s  l e s s  severe. One d i f f i -  
culty encountered i n  attempting t o  ver ify the low-frequency dispersion 
re la t ion  i s  t h a t  f o r  typical  laboratory plasmas the wavelength i s  much 
larger  than the dimensions of the plasma; also, methods for  launching 
- 
4 
D.E.T.F. Ashby and D.F. Jephcott, App. Phys. Letters - 3, 13 (1963). 
'R.M. Gallet, J.M. Richardson, B. Wieder, and G.D. Ward, Phys. Rev. 
Letters - 4, 347 (1960). 
6 
A.N. Dellis and J .M. Weaver; Nature - 193, 1274 (1962) . 
7 
A.N. Del l is  and J . M .  Weaver, Proc. Phys. Soc. - 83, 473 (1964). 
8 D . W. Mahaf fey, Phys . Rev. -9 129 1481 (1963) . 
's. Lundquist, Phys. Rev. - 76, 1805 (1949). 
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plane waves are  impractical a t  the frequencies encountered. An experi- 
mental arrangement which circumvents these d i f f i cu l t i e s  was described 
by Newcomb (10). H i s  hydromagnetic waveguide, Figure 1.2, consists of 
a cylindrical metal tube immersed i n  a longitudinal magnetic f i e l d  and 
f i l l e d  with a plasma. The cyl indrical  shape permits the  use of several 
standard plasma-formation schemes and a t  the same time provides a well- 
understood boundary condition (zero tangential  e l ec t r i c  f i e l d  a t  the 
wall). The wave equation separates i n  cylindrical coordinates and the 
Typical Wave Excitation Methods 
Figure 1.2 The Hydromagnetic Waveguide ' 
'OW. A. Newcomb i n  Magnetohydrodynamics', edited by R .K .I$. Landshof f 
(stanford Univ. Press, Stanford, California, 1957), p. 109. 
waveguide wall i s  a coordinate surface so the boundary condition takes 
a simple f ~ r m .  Newcomb analyzed wave propagation i n  t h i s  configuration 
using the MRD (magnetohydrodynamic) approximation--that is, f o r  f r e -  
quencies well below the ion cyclotron frequency. Many others have 
since elaborated upon the theory; see, f o r  example, S t ix  (11,12), 
~ a j e w s k i  (13) or Woods (14) . 
The resu l t s  of the analysis of the  hydromagnetic waveguide, 
again fo r  a collision-free plasma, a re  sketched i n  Figure 1.3 i n  the  
same form as  the plane wave resu l t s .  Only the low-frequency branches 
of the curves a re  shown. Two major e f fec ts  of the guide are  evident: 
each branch of the dispersion curve i s  s p l i t  i n to  an i n f i n i t e  se t  of 
modes ( the  modes are  distinguished by d i f fe rent  r ad ia l  and azimuthal 
f i e l d  patterns and only a few of the circularly-symmetric modes a re  
shown); and a low-frequency cutoff i s  introduced into the dispersion 
curve fo r  each of the modes with a resonance a t  the electron cyclotron 
frequency . 
The character is t ics  of the two classes of modes are simple and 
d i s t inc t  only fo r  o, << Bc . I n  tha t  l i m i t  it may be shown tha t  the 
c lass  of modes which have the  phase velocity V a t  low frequencies A 
have'no ax ia l  component of the wave magnetic f ie ld ;  tha t  is, theef fec t  
of the wave i s  to give a tors ional  or shear disturbance of the s t a t i c  mag- 
n e t i c  f i e l d .  The other class of modes does have a strong axis component of 
1 1 ~ . H .  St ix ,  Phys. Rev. - 106, 1146 (1957). 
'%.H. Stix,  Phys. of Fluids - 1, 308 (1958). 
' 3 ~ .  Gajewski, Phys. of Fluids - 2, 633 (1959). 
14 L.C. Woods, J. Fluid Mech. - 13, 570 (1962). 
Figure 1.3 Dispersion Relation for  the Hydro- 
magnetic Waveguide 
the wave magnetic f ie ld ,  and corresponds t o  a compressional disturbance 
of the f i e l d  l ines.  These properties also hold for  the plane waves 
discussed ea r l i e r  i f  propagation a t  an q l e  with respect 'to the mag- 
ne t i c  f i e l d  i s  considered. Thus the slow wave may be shown t o  have a 
magnetic f i e l d  vector which i s  always perpendicular t o  % , while the 
f a s t  wave has a component along % . 
On the basis of the  s imilar i ty  i n  the dispersion relat ions and 
the f i e l d  patterns we may say tha t  the following i&nt,ifications have 
been established. The left-hand c i rcu lar ly  polarized or  slow Alfve'n 
wave of &the plane wave theory corresponds t o  the tors ional  modes i n  
the hydrolrpagnetic waveguide. The right-hand polarized or f a s t  ~ l fve /n  
wave corresponds t o  the compressional modes. We s h a l l  apply the 
names "torsionayf and "compressional" t o  the modes even a t  frequencies 
equal t o  o r  greater than the ion cyclotron frequency, even though a l l  
three components of the wave magnetic f i e l d  are  nonzero for  both 
classes of modes. I n  the same way we s h a l l  continue t o  use the term 
"hydromagnetic" even though it was or iginal ly  applied t o  the MHD regime. 
The experimental investigations of the hydromagnetic waveguide 
most closely related t o  the present study are  those of Wilcox, Boley, 
De Si lva and others (15,16,17), Jephcott and others a t  Culham (18,19, 
20), and the  previous studies a t  this laboratory (21,22,23,24) . 
Numerous investigators have studied the  tors ional  waves i n  the v ic in i ty  
- -- - 
15 J. M. Wilcox, F.I. Boley, A.W. De Silva, Phys. Fluids - 3, 15 (1960). 
16 T.K. Allen, W.R. Baker, R.V. Pyle, J . M .  Wilcox, Phys. Rev. Letters 
2, 383 (1959) 
-
17 A.W. De Silva, Lawrence Rad. Lab. Report UCRL 9601  a arch 1961) . 
18 D.F. Jephcott, Nature - 18, 1652 (1959). 
19 D.F. Jephcott, P.M. Stocker, J. Fluid Mech. - 13, 587 (1962). 
20 D.F. Jephcott, A. Malein, Proc. Royal Soc. A, - 278, 243 (1964). 
21 D..G. Swanson, R.W. Gould, B u l l .  Am. Phys. Soc. - 8, 152 (1962). 
22 D.G. Swanson, R.H. Hertel, R.W. Gould, B u l l .  Am. Phys. Soc. - 9, 332 
( 1964) 
23 R.H. Hertel, D.G. Swanson, R.W. Gould, B u l l .  Am. Phys. Soc. - 9, 332 
(1964) 
24 DIG. Swanson, R.W. Gould, R.B. Hertel, Phys. Fluids - 7, 269 (1964); 
included here as Appendix A. 
of ion cyclotron resonance, principally with a view toward heating the 
plasma. For a summary of t h i s  work, see the survey by Hooke and 
Rothman (25).  
The experiments of the  Berkeley group were confined t o  the 
tors ional  modes; f o r  example, it was demonstrated t h a t  a pulse whose 
spectrum i s  confined t o  frequencies well below Qc t rave ls  down the 
guide a t  the ~ l f v g n  speed. O w .  investigation uses a waveguide and 
plasma-formation scheme patterned a f t e r  the apparatus used i n  these 
studies.  
Jephcott a lso studied the tors ional  modes but has recently, with 
Malein, reported on a detai led investigation of the lowest c i rcular ly 
symmetric compressional mode. I n  the l a t t e r  study waves were propa- 
gated i n  an argon plasma a t  frequencies ranging up t o  s i x  times the 
ion cyclotron frequency. The "waveguide" was actually an insulating 
tube enclosed i n  a larger metal tube, but the different  boundary con- 
d i t ion  does not great ly  modify i t s  character is t ics .  
The e a r l i e r  work a t  t h i s  laboratory was primarily concerned with 
an investigation of the lowest compressional mode, using an impulse 
technique. The frequencies used were an order of magnitude greater  
than those used by Jephcott but, since the ion cyclotron'frequency f o r  
hydrogen f o r  the same f i e l d  i s  40 times greater than for  argon, the 
investigation was l imited t o  frequencies below the ion cyclotron fre- 
quency. It was, however, possible t o  obtain a lowest mode cutoff 
25 W.M. Hooke, M.A. Rothman, Nuclear Fusion - 4, 33 (1964): 
frequency which was nearly an order of magnitude below the ion cyclo- 
t ron  frequency, whereas the lowest cutoff frequency and the ion 
cyclotron frequency were comparable i n  (20). 
1.2 Objectives of the Experiment 
The present study i s  an investigation of wave propagation i n  
the compressional modes a t  frequencies ranging from just  below the 
ion cyclotron frequency to  well above it. Thus it i s  an extension 
i n  frequency of our work i n  the  MHD regime (22,24). The principal  
new feature of the wave propagation introduced by rais ing the f re -  
quency i s  the  increased importance of the higher modes. Although 
t h e i r  presence had previously been detected (see Appendix A, Fig. 8), 
the amplitudes of the higher modes were small compared with that of 
the  lowest mode. I n  our study the  reverse i s  frequently true.  Since 
the  phase velocity varies slowly with frequency except i n  the neigh- 
borhood of cutoff or  resonance, the  wavelength decreases with frequency 
and the  phase s h i f t  fo r  a given propagation distance is  larger.  
A s  pointed out i n  the discussion of plane waves, the whistler 
mode i s  an extension t o  intermediate frequencies of the f a s t  Alfven 
wave. It w i l l  be shown i n  Section 2.5 t h a t  the whistler mode disper- 
sion re la t ion  holds f o r  the compressional modes when Qc << ~u << mc . 
Hence we may also regard t h i s  study as  an extension t o  lower frequen- 
c ies  of the  microwave investigations of whistler-mode propagation. 
From an'experimental point of view the high-frequency techniques (such 
as  the use of interferometers f o r  phase measurement) a re  more appro- 
p r i a t e  f o r  intermediate frequencies than those commonly used i n  MHD 
studies (direct  oscillographic display) . 
The plasma used i n  these experiments i s  a decaying hydrogen 
plasma formed by a hydromagnetic ionizing wave (26) and i s  the  same 
a s  tha t  used i n  our previous experiments. The use of a sinusoidal 
source and interferometric techniques permits the time-resolved mea- 
surement of the propagation character is t ics  as  the plasma decays. This 
suggests the poss ib i l i ty  of using the waves as a diagnostic t o o l  fo r  
measuring some of the plasma parameters--for example, the  density and 
r e s i s t iv i ty .  I n  this sense the  techniques we use are  similar t o  the 
microwave and laser  diagnostic methods mentioned ea r l i e r .  
To provide an independent check on some of the measurements, 
spectroscopic studies of the  Stark-broadened prof i le  and absolute 
in tens i ty  of the H l i n e  were carried out. Fromthese the plasma B 
density and temperature may be determined and compared with the density 
and temperature inferred from the phase s h i f t  and attenuation of the  
hydromagnetic waves. 
The detai led account of our investigation begins i n  Chapter 
I1 with an outl ine of the theory of wave propagation i n  the hydromag- 
ne t i c  waveguide. The f i r s t  par t  of the chapter i s  concerned with the 
representation of the  plasma by incorporating i n  Maxwell's equations 
an effect ive d ie l ec t r i c  tensor, and with the solutions of these equa- 
t i ons  appropriate t o  the i n t e r io r  of a conducting tube. Special 
properties and applications of the solutions useful i n  the analysis of 
26 W.B . Kunkel and R .A.  Gross, Plasma Hydromagnetics, edi ted by 
D . Bershader ( ~ t a n f  ord Univ . Press, Stanford, California ( 1962), 
p. 581 ~awrence Rad. Lab. Report UCRL 9612 (1961) . 
-13- 
the  soliltions useful i n  the analysis of our experimental r e su l t s  are  
then developed. The last two sections of Chapter I1 describe the 
theore t ica l  basis  of the spectroscopic measurements. 
I n  Chapter I11 the equipment and techniques used i n  both the 
wave and spectroscopic measurements a re  discussed. The resu l t s  of the 
measurements a re  presented and analyzed i n  Chapter I V .  Finally, i n  
Chapter V we present our conclusions and suggestions f o r  fur ther  study. 
-14- 
11. THEORY 
2.1 Introduction 
I n  the f i r s t  pa r t  of t h i s  chapter w e  w i l l  ou t l ine  t he  theory 
used i n  the  analysis of our measurements. We consider t he  idealized 
problem of an i n f i n i t e l y  long circular  waveguide f i l l e d  with a uniform 
plasma consist ing of neut ra l  pa r t i c l e s  (atoms o r  molecules) and nearly 
equal numbers of singly-charged ions and electrons.  We neglect pres- 
sure and viscosi ty  e f fec t s ,  and assume t h a t  the  wave amplitudes a r e  
small enough so t h a t  t h e i r  e f f ec t s  on the  plasma may be regarded a s  a 
small perturbation.  
The approach we use i s  t o  incorporate the  e f f ec t s  of the  plasma 
currents i n t o  a generalized d i e l e c t r i c  tensor.  Two formulations of 
t h i s  tensor a re  given i n  Sections 2.2 and 2.3. A b r i e f  description 
of the  solution of Maxwell's equations using the  d i e l e c t r i c  tensor i s  
given and the r e su l t s  summarized i n  Section 2.4. I n  Section 2.5 we 
consider an appropriate approximation which permits t he  derivation of 
a simple re la t ionship between the ion density and the  propagation fac- 
t o r .  Finally,  Sections 2.6 and 2.7 discuss the  exci ta t ion of the  waves 
and the problem of in te rpre t ing  the phase shift between th; exci t ing 
current and the wave f i e l d s .  The l a s t  two sections of t h i s  chapter 
describe the  theory of the spectroscopic density and temperature mea- 
surements. 
Rationalized MKS un i t s  a r e  used except where specifically indi-  
cated. 
2.2 Derivation of the Dielectr ic  Tensor 
For each of the three species making up the plasma we can obtain 
from the Boltzmann equation an equation of momentum transfer  (1). This 
s e t  of equations may be written i n  the form 
The subscripts i, e, and n re fer  t o  ions, electrons, and neutrals 
respectively. Par t ic les  of type k have mass mk , number density 
nb(;, t) , and average velocity v (5, t) . The electrons and ions (which 
-k 
a re  singly charged) are  acted on by the e l e c t r i c  and magnetic f i e lds  
~ ( r , t )  and ~ ( r , t )  . The quantity Ek represents the average momen- 
- - - - 
t u m  t ransferred i n  col l is ions t o  the par t ic les  of type k per uni t  
volume per second. Finally, $ i s  the  k ine t ic  s t r e s s  tensor for  
c k  
species k 1 i n  the  special  case where the dis t r ibut ion of pa r t i c l e  
veloci t ies  is  isotropic  i n  the reference frame moving with velocity 
v t h i s  tensor i s  diagonal and 
-k 
'L. Spitzer, Physics of Fully Ionized Gases, (~n te r sc i ence  Publishers, 
Inc., Mew York, 1956), p. 97. 
Here pk is  the ordinary scalar  pressure defined i n  terms of the mean- 
square random velocity. I n  t h i s  treatment we sha l l  neglect the 
pressure terms ent i re ly .  It can be shown (2) tha t  t h i s  approximation 
i s  just i f ied i f  the sound speed i s  much l e s s  than the ~ l f v g n  speed, a 
condition which i s  met i n  our plasma. 
To simplify the  momentum equations we w i l l  proceed t o  
l inearize them. Assume t h a t  i n  the absence of the waves the plasma 
i s  i n  a steady s t a t e  with no d r i f t  velocities,  pressure gradients, or 
s t a t i c  e l e c t r i c  f i e lds .  Then a l l  terms i n  the momentum equations a re  
iwt 
zero. Now suppose a monochromatic wave with time dependence e 
i s  propagating through the plasma. Perturbations with the  same time 
dependence w i l l  appear i n  a l l  the plasma parameters. O f  the quanti- 
t i e s  appearing i n  equations 2.1, 2.2 and 2.3, only the pa r t i c l e  
densi t ies  and the magnetic f i e l d  have zero-order terms, so tha t  we may 
write 
Notice tha t  we have used the same symbol fo r  the perturbation amplitude 
2 ~ .  C.  Woods, J. Fluid Mech. - 13, 570 (1962). 
of a quanti ty a s  for  the t o t a l  quantity. This should cause no confu- 
sion, as  only the  forms on the right-hand s ide  of equations 2.5 w i l l  
appear hereafter unless the  argument is  e x p l i c i t l y  given. Upon sub- 
s t i t u t i n g  from equations 2.5 i n to  the  momentum equations and 
neglecting a l l  terms quadratic i n  the  perturbation, we obtain the 
lineariz'ed momentum equations 
i 0 n  m v  = n e ( ~ + v .  X B  ) + g i  i o  i-i i o  - -1 -0 
i con  m v  = - n  
eo e--e eo e ( ~ + < x B )  - I) + P  --e
i m n  m v  = P 
no n-n -n 
icut where we have deleted the  common fac tor  e . 
We w i l l  consider only the two types of co l l i s ions  which are  
most important i n  a highly ionized plasma: electron-ion and ion-neutral 
co l l i s ions .  That i s ,  we assume the  co l l i s ion  terms may be writ ten 
Sk 
where P_ represenlcs the  momentum transferred from species k t o  
species j by co l l i s ions .  Note t h a t  - pk' = -pJk - because momentum 
i s  conserved i n  a col l is ion.  
The usual first approximation fo r  the  co l l i s ion  terms i s  t o  
assume t h a t  they a re  proportional t o  the  difference i n  the  ve loc i t ies  
of the  two species involved. For example, 
where v = n crv i s  the ion-neutral co l l i s ion  frequency expressed- i o  n t  
i n  t e rns  of the co l l i s ion  cross-section a and the neut ra l  thermal 
speed. We w i l l  t r e a t  ( o  vnt) a s  a constant, which i s  equivalent t o  
assuming t h a t  cr i s  proportional t o  l/vnt. I n  our plasma, charge 
t ransfer  col l is ions  should dominate. While no r e l i a b l e  measurements 
of a at low energies a re  available,  calculations by Dalgarno and 
Yadav (3) show reasonable agreement with measurements (4) a t  energies 
above 200 eV . These calculations give (mnt ) = 6 ~ 1 0 - ~ ~ m ~ / s e c  f o r  
a neut ra l  thermal speed corresponding t o  1 eV, and indicate  a weaker 
dependence on veloci ty  than we assume. 
Using equation 2.12 we can eliminate the  neut ra l  veloci ty  from 
equations 2.7 and 2.8 t o  obtain (assuming m = mi) 
n 
This equation i s  jus t  the  ion equation one would write i n  the  absence 
of neutrals  except the  ion mass is replaced by a pseudo-mass 
- 
.A. Dalgarno and H.N. Yadav, Proc. Phys. Soc.  o on don) 66A, 173 
(1953) 
4 ~ . ~ .  F i te ,  R. T.  Brackmann, W. R .  Snow, Phys. Rev. 112, 1161 (1958). 
Note t h a t  i f  t h e  wave frequency cu i s  much l e s s  than the co l l i s ion  fre- 
quency v , niop + (nio + nno) mi a s  the  neut ra l s  are  carried along by 
the  ions, I f  o, >> v , 
niop + niomi and the  neutrals  have no e f fec t .  
The above treatment can eas i ly  be applied t o  the  electron-ion 
col l is ions .  I n  t h i s  case we note t h a t  i f  the  plasma is neutral  i n  the  
absence of the  wave 
so that the current, correct  t o  f i r s t  order, i s  
Hence the co l l i s ion  t e r m  can be wri t ten i n  the  form 
where the proportionali ty constant 7 has been defined t o  have the 
dimensions of a r e s i s t i v i t y .  
Using equations 2.6, 2.13, 2.16 and 2.17 we can solve f o r  J 
- 
i n  terms of E and write the result i n  the form 
- 
The generalized conductivity tensor thus calculated i s  given by equa- 
t ions  7 t o  10 of Appendix A. 
It can be shown t h a t  t he  power diss ipated by a current flowing 
perpendicular t o  B+ i s  greater  than t h a t  for  a current along the 
f i e l d .  We can allow f o r  t h i s  e f f e c t  by replacing equation 2.17 by 
i n  which the r e s i s t i v i t y  i s  a diagonal tensor 
Spitzer (5) has calculated t h a t  fo r  the  case of a strong magnetic f i e l d  
qL' 7, 7 2 . By examining the components of equations 2.6 and 2.13 we 
see t h a t  using the  tensor r e s i s t i v i t y  replaces q by qI i n  the  equa- 
t i ons  involving the transverse components of the ve loc i t ies  and 
replaces q by q,, i n  the  equations involving the z-components. W e  
can therefore immediately write down the  generalized conductivity 
tensor by making the  corresponding subst i tut ions  i n  equations 8a t o  8c 
of Appendix A .  The r e s u l t s  a r e  given below. 
5 ~ .  Spitzer,  Astrophys. J. - 116, 299 (1952). 
Note t h a t  the  plasma and cyclotron frequencies for  the  ions involve p 
and a re  complex quant i t i es  a s  defined above. The electron cyclotron 
frequency w i s  defined a s  a posi t ive  number. 
C 
It i s  frequently convenient t o  use a d i e l e c t r i c  tensor instead 
of the conductivity tensor.  That is, we may write Maxwell's equations i n  
the  form 
V x E  = - i a  p$ 
- 
-22- 
V x H  = i u E - E  
- - - 
where E and H a r e  t he  complex amplitudes of the wave f i e l d s  and 
- - 
The d i e l ec t r i c  tensor w i l l  be writ ten i n  the same form a s  the  conducti- 
v i t y  tensor. 
1 
E = E (1+-) 1 o io, eO 
2.3 Alternative Derivation of the  Dielectr ic  Tensor 
Measurements i n  the  plasma used fo r  these experiments indicate  
t h a t  the value of the  sca la r  r e s i s t i v i t y  necessary t o  match theo re t i ca l  
and experimental results i s  a function of the a x i a l  magnetic f i e l d  (see  
Fig. 10 of Appendix A).  A s  has been pointed out q , which i s  more I 
important than 1-1 i n  determining the properties of the  compressional 
I I 
mode, depends on the magnetic f i e l d  and changes by a fac tor  of two a s  
provide a theory val id  f o r  intermediate f i e l d  strengths we have used 
the  transport  coeff ic ients  calculated by Marshall (6 ) .  He considers 
a fully-ionized plasma and combines the  equations f o r  electrons and 
ions t o  obtain a one-fluid description. Thus we may define a f l u i d  
velocity, ne t  charge density and mass density by 
n ( r , t )  m.v (r,t) + n ( r , t )  m v  (r, t)  i - l i -  e - 
u = e e -  
I n  the  absence of pressure and grav i ta t iona l  e f f ec t s  the  momentum 
transport  equation fo r  the f l u i d  a s  a whole can be writ ten 
Using the notation of equation 2.5 
the  l inear ized form of equation 2.37 i s  
-- 
6 ~ .  Marshall, U.K. Atomic Energy Research Establishment Report, A.E.R.E. 
where the e l e c t r i c  force has dropped out because both Q and E a re  
f i r s t -order  quant i t ies .  Marshall f inds  for  the  current J (again 
- 
neglecting pressure and temperature gradients) 
or i n  l inear ized form 
where the  conductivity tensor a takes the following form 
=M 
We can solve equation 2.39 f o r  u and subs t i tu te  i n to  2.41 t o  f ind  
- 
which may be solved fo r  J i n  terms of E . The r e su l t  may be wri t ten 
- - 
i n  terms of a generalized conductivity tensor where the components as 
defined by equation 2.21 have the forms 
where 
B~ 
0 
= -  (no neutrals)  
To include the e f f ec t s  of neutrals  i n  t h i s  development we may 
modify equation 2.39 by adding a co l l i s ion  term 
and m i t e  a momentum equation fo r  t he  neutrals  
v = pnf i w  'no -n - 
nf 
where pfn = - P i s  the  momentum transferred t o  the electron-ion 
- - 
"fluid" from the  neutrals  per m3 per second. I f  we again s e t  the  
col l is ion t e r m  proportional t o  the  velocity difference 
pn - 
- - 'no v (U - (2.55) 
we may follow the  procedure we used before and eliminate xn from the 
equations. We f ind  t h a t  equation 2.53 becomes 
i w p ' u  = J x B  
0 - - -0 
where 
Equation 2.56 i s  seen t o  be iden t i ca l  t o  the  momentum equation 2.39 fo r  
a f u l l y  ionized plasma except t h a t  the mass density p i s  replaced by 0 
the pseudo-density p'  . It should be noted t h a t  the  fac tor  i n  
0 
brackets d i f f e r s  s l i g h t l y  from the corresponding fac tor  i n  the  three- 
f l u i d  model (see equation 2.14) and the def ini t ions  of the  co l l i s ion  
frequency given by equations 2.12 and 2.55 a re  a lso d i f fe ren t .  The 
differences, however, a re  f a r  smaller than the uncer ta int ies  i n  e i ther  
the  theore t ica l  o r  experimental values fo r  the  quant i t ies .  We now see 
t h a t  the  generalized conductivity tensor including neutrals  i s  just  
t h a t  given by equations 2.49 - 2.51 with 
B* 
0 ( = -  (including neutrals) 
" P;, 
If terms of the order of (m / m . ) ,  (u/uc) and ("7) are neg- 
e 1 
lected compared t o  unity, it can be shown tha t  the components of the  
three-fluid conductivity tensor agree with those calculated from 
Marshall's r e su l t s  i f  the following ident i f icat ions are  made: 
(a)  For (ac') << 1 , s e t  q = V , ,  = l / o I .  
(b) For (ac') >> 1 , Set q = 1.931 1 = 1.931/u1 1 I I 
Since the plasma parameters used i n  these experiments are  such that  
condition (b) is  fu l f i l l ed ,  the two forms of the generalized conduct& 
v i t y  may be used interchangeably here. 
2.4 Derivation of the Dispersion Relation 
Now tha t  the properties of the  plasma have been expressed i n  
terms of the  d i e l ec t r i c  tensor E the  remaining problem is t o  solve 
- 
Maxwell's equations 2.29 and 2.30 i n  cyl indrical  coordinates and apply 
appropriate boundary conditions. Only circularly-symmetric modes w i l l  
be t reated since the excitation scheme has tha t  symmetry. We assume 
therefore, t h a t  the wave f i e l d s  E and H depend only on r and z , 
- 
-ikz 
where the z-dependence i s  e and 
i s  the propagation factor .  Four of the s i x  component equations of 
Maxwell's equations may be used t o  express the transverse f i e l d s  i n  
terms of Ez and HZ ; f o r  de ta i l s ,  see Appendix B. Eliminating the 
transverse f i e l d s  from the remaining equations yields a pa i r  of coupled 
p a r t i a l  d i f f e ren t i a l  equations for  the longitudinal f i e l d s  (equations 
14a and 14b of Appendix A). It can be shown tha t  appropriate solutions 
are  combinations of zero-order Bessel functions. For HZ ,, for  
example, we have 
the transverse wave numbers T and T2 are the solutions of the dis-  1 
persion relat ion 
i n  which 
The constant A i n  equation 2.60 may be regarded as  an excitation coef- 
f i c i e n t  and T as  being determined from the boundary conditions. I f  
the plasma i s  bounded by a conducting wall a t  r = a the'appropriate 
conditions are  ~ , ( a )  = ~ ~ ( a )  = 0 . These lead t o  
and 
The simultaneous solution of equations 2.61 and 2.64 has been 
carried out with the aid of a d i g i t a l  computer by Swanson (7, Appendix 
A ) .  If we regard a mode as  specified by a s e t  of values fo r  k, T1 and 
T2, it is found that two i n f i n i t e  classes of modes may be distinguished. 
The f i r s t  se t ,  with which the experiments described i n  t h i s  thes is  a re  
concerned, we c a l l  the compressional modes. They a re  characterized by 
a cutoff (k -. 0) a t  low frequencies and a resonance (k -. oo ) a t  the 
electron cyclotron frequency with highly dispersive behavior i n  the 
v ic in i ty  of both cutoff and resonance. A t  low frequencies (ol, << 1;2 ) C 
'r 
and HZ are  much greater than H fo r  t h i s  mode so tha t  the e f fec t  8 
of adding the wave f i e l d s  t o  % i s  an a l te rna te  compression and expan- 
sion of the  f i e l d  lines; hence the name "compressional modes". Other 
investigators have used the terms TE modes and f a s t  hydromagnetic waves; 
a t  high frequencies the class may be ident i f ied  with the whistler mode 
(see the discussion i n  Chapter I) .  The values of T1 f o r  the  compres- 
s ional  modes a re  very nearly given by the solutions of J ~ ( T ~ ~ )  = 0 
(see Figure 3 of Appendix A ) .  
The second class  of modes, called here the tors ional  modes and 
designated by primes, i s  nearly dispersionless a t  low frequencies and 
exhibi ts  a resonance tit the ion cyclotron frequency. The phase velocity 
f o r  m << a, is the Alfvgn speed VA = B / dG . As pointed out 
0 
7 ~ .  0. Swanson, California Ins t i tu t e  of Technology Tech. Report No. 1, 
AFOSR Office of Aerospace Research Grant No. 412-63 (1963), p. 23. 
i n  Chapter 1, these modes have a large magnetic f i e l d  component HQ 
corresponding t o  a to rs iona l  perturbation of the  f i e l d  l ines .  Other 
terms applied t o  t h i s  c lass  a r e  the  pr incipal  modes (8) and the  slow 
hydromagnetic waves (9) .  A t  high frequencies the  values of T i  a r e  
again given approximately by J ( ~ ' a )  = 0 but a t  very low frequencies 1 1  
the condition J ~ ( T ~ )  = 0 applies (see Figure 2 of Appendix A ) .  
Measurements of the  r a d i a l  dependence of the  wave f i e l d s  (10) 
seem t o  indicate  t h a t  the  condition J ~ ( T ~ ~ )  = 0 is the  correct  one 
f o r  both types of waves even a t  low frequencies. A boundary condition 
which leads very nearly t o  t h i s  r e su l t  i s  t h a t  of a t h in  vacuum layer 
between the plasma and the  conducting wall. This pro'blem was t rea ted  
by an approximate method by De Si lva  (11) and i n  some d e t a i l  by 
Swanson (12). The method consists of matching solutions of Maxwell's 
equations va l id  i n  the  annular vacuum region t o  the  plasma f i e l d s  a t  
t he  plasma-vacuum in te r face  and se t t i ng  E (a) = ~ , ( a )  = 0 . I n  the 
z 
remainder of t h i s  t hes i s  we s h a l l  assume t h a t  the values of T a are  1 
the  zeros of J1 . From equation 2.65 we see t h a t  t h i s  leads t o  
7 = 0 SO t h a t  T2 no longer appears i n  the  problem. We may drop the 
subscript  1 and write 
-- 
%.A. Newcomb i n  Hydromagnetics, edited by R.K.M. Landshoff ('Stanford 
University Press, Stanford, California (1957), p.109. 
~L.C . Woods, J. Fluid Mech. - 13, 570 (1962) . 
~ O J . M .  Wilcox, A.W. D e  Silva,  W.S. Cooper 111, Phys. Fluids - 4, 1506 
(1961) 
~IA.w. De Silva,  Lawrence Radiation Laboratory ~ e p o r t '  UCRL 9601  arch 
1961), Appendix F. 
1 2 ~  .G. Swanson, C a l i f .  I n s t .  of Technology, ~ e c h . ~ e ~ o r t  No. 2 on AFOSR 
Office of Aerospace Research Grant No. 412-63 (1964), Chapter 111. 
i n  place of equation 2.64 and solve equation 2.61 fo r  the  propagation 
fac tor  t o  obtain 
1 
where the  mode number m now re fe r s  t o  the  various solutions of 
equation 2.66, t h a t  is, T a = 3.832, T a = 7.016, and so on. The sign 1 2 
convention i n  equation 2.67 m u s t  be reversed fo r  cu > Qc . We use the 
s ymbo 1s km and kt f o r  the  roots of equation 2.67 lying i n  the  
m 
four th  quadrant, corresponding t o  propagation i n  t he  +z direct ion.  
It should be emphasized t h a t  the  d i s t inc t ion  between compres- 
s iona l  and tors iona l  modes on the  bas i s  of the  wave f i e l d s  disappears 
a t  high frequencies; both types of modes have appreciable amounts of 
a l l  s ix components of - E and H . 
- 
A t yp i ca l  s e t  of dispersion curves calculated from equation 2.67 
i s  p lo t ted  i n  Figure 2.1. 
2.5 The Dissipationless E = oo Theory 3 
The measurements described i n  Chapters I11 and I V  of t h i s  t hes i s  
involve exci t ing several  of the  compressional modes a t  a f ixed frequency 
and measuring the longitudinal wave f i e l d  H,(o,z,~) some distance from 
the  point of excitation.  The phase and amplitude of the  wave a r e  then 
used t o  i n f e r  some of the plasma parameters, such a s  the  density and 

temperature., It i s  useful t o  examine the character is t ics  of wave 
propagathion i n  the l i m i t  of zero damping f o r  two reasons. I n  the 
first place, the  diss ipat ionless  theory gives some insight in to  the  
gross character is t ics  of the problem; also) i f  the  damping i s  not too 
great ,  the  phase fac tor  f3 depends very l i t t l e  on the damping. The 
diss ipat ionless  theory thus provides a good approximation f o r  f3 
which can be used t o  r e l a t e  the  phase s h i f t  t o  the  ion density. 
If the  r e s i s t i v i t y  7 and q a re  s e t  equal t o  zero, the  1 I I 
a tensor calculated i n  Section 2.2 reduces t o  the  a' tensor. If we  
- - 
make the  approximations 
t he  components of the  d i e l e c t r i c  tensor become 
The first term i n  equations 2.69 and 2.71 is  due t o  the  displacement 
current and i s  negligible i n  these expepiments which involve frequen- 
c i e s  from 0.8 t o  3.4 times the  ion cyclotron frequency. For f re -  
quencies i n  t h i s  range (but not equal t o  nc) , E i s  larger  than 3 
2 2  2 2  E and E by approximately the fac tor  (m /iI ) (vA/ c ) = mi/me 1 2 P c 
We therefore make the  approximation tha t  E = oo . The dispersion 3 
relation, equation 2.61, simplifies t o  
Solving for  k we f ind 
m 
/ 
It can eas i ly  be shown t h a t  J (T a)  = 0 i s  sa t i s f i ed  exactly i n  t h i s  1 m 
l i m i t ,  (E = a). This dispersion relat ion i s  plotted i n  Figure 2.2 3 
for  the f i r s t  few compressional modes. For comparison purposes the 
phase factor  obtained from the  solution of equation 2.67 i s  also shown. 
It w i l l  be noted t h a t  the  approximate theory gives a good approximation 
f o r  the phase fac tor  p except near cutoff. From equation 2.74 we can 
show tha t  the cutoff frequencies a re  given by 
or, ex-pressed another way, the mth mode i s  cut off for  a given frequency 
o when the density i s  reduced t o  the c r i t i c a l  value 
DISSI PATIONLESS,a3=60TH€OR 
Fig. 2.2 Phase Factors for the First Five Circularly-Symmetric 
Compressional Modes 
If  the approximate forms of E and c2 are  substi tuted in to  1 
the dispersion re la t ion  we can solve fo r  the ion density, yielding 
where we have replaced km by Pm since the propagation factor  i s  
purely r e a l  under the circumstances we are  considering. We can expect 
t h i s  formula fo r  the density t o  be f a i r l y  accurate i f  the density i s  
well above the c r i t i c a l  value. O f  course, it i s  useful only i f  we 
know f3 and Tm , t ha t  is, we must be sure tha t  only one mode con- 
m 
t r i bu tes  t o  the f i e l d  we measure so tha t  we can measure a single phase 
factor  Bm and w e  must know which mode we are  measuring so tha t  we 
can use the appropriate value fo r  Tm 
Equation 2.77 is  plot ted i n  Figure 2.3. It w i l l  be noted 
tha t  if the wave frequency i s  well above the cutoff frequencies of 
a l l  the modes which contribute t o  the detected wave f i e ld ,  the phase 
fac tors  fo r  the  d i f fe rent  modes a re  nearly the same. I n  fac t ,  i f  we 
make the approximstion w >> TmVA i n  the dispersion relat ion,  we f ind 
which may be recognized a s  the  phase factor  f o r  plane wave propagation 
i n  the whistler mode. 
Fig. 2.3 Relationship between the  Phase Factor and the  Density 
f o r  a 6.75 cm Radius Waveguide 
2.6 Excitation Coefficients fo r  a Coaxial Loop 
To complete the analysis of hydromagnetic wave propagation i n  
a circular waveguide we m u s t  calculate the excitation coefficients 
fo r  the various modes. The exci tat ion scheme t o  be considered, shown 
i n  Figure 2.4, consists of a coaxial circular loop of radius b 
immersed i n  the plasma. The loop i s  assumed t o  carry a current 
Figwe 2.4. Schematic Diagram of the Excitation Scheme 
Orthogonality relat ions have been derived (13,14), both for  
the conducting wall and vacuum sheath boundary conditions. It can be 
shown tha t  the in t eg ra l  
A.G. Liebermann, Ph.D. Thesis, California I n s t i t u t e  of Technology, 
(1964) 
D.G. Swanson, California I n s t i t u t e  of Technology Tech. Rep. no. 2 
on AFOSR Office of Aerospace Research Grant No. 412-63, Chapter VI. 
(where E i s  the transverse e l e c t r i c  f i e l d  of the nth mode and 
-nt 
w 
H is the transverse magnetic f i e l d  of the  mth mode derived from the  
-at 
transpose of the - E tensor) i s  zero i f  kn # 2 km . This re la t ion  
- 
holds f o r  both tors ional  and compressional modes--for example, n may 
re fe r  t o  the  lowest compressional mode and a t o  the lowest tors ional  
Our assumption tha t  J ~ ( T  a )  = 0 means t h a t  the tangential  
m 
e l e c t r i c  f i e l d  does not vanish a t  the wall, which is  one of the assump- 
t ions leading t o  the above orthogonality relat ion.  The simple r ad ia l  
dependence of the  f i e lds  resul t ing from t h i s  assumption, however, makes 
it a simple matter t o  f ind appropriate re la t ions  t o  use i n  calculating 
the  exci ta t ion coefficients f o r  a loop. 
By examining the f i e l d s  a s  indicated i n  Figure 2.4, it i s  
apparent t h a t  the  presence of the current-carrying loop introduces a 
discontinuity in to  the r ad ia l  magnetic f ie ld :  
No discontinuity appears i n  the other components, so by symmetry 
i f  we suppose the waveguide t o  be i n f i n i t e l y  long so tha t  ref lect ions 
may be ignored. The transverse f i e l d s  from Appendix B a re  
where the  upper s ign is  used f o r  z > 0 and the lower f o r  z < 0 . 
The primes, a s  usual, represent the to rs iona l  modes. The quanti ty xm 
i s  given by 
with a corresponding expression f o r  ' . Applying conditions 2.79 
m 
and 2.80 t o  the  f i e l d s  yie lds  
Multiplying both s ides  of the  l a s t  equation by J (T r ) r d r  and in te -  1 n 
grat ing from 0 t o  a gives 
where we have made use of 
Final ly  from equations 2.87 and 2.86 we obtain 
where 
The second equal i ty  i n  equation 2.89 r e su l t s  a f t e r  some manipulation 
by making use of the  dispersion r e l a t i on  (equation 2.67). It can be 
shown t h a t  the  same r e su l t  i s  obtained by using the exact f i e l d  expres- 
sions and the  corresponding orthogonality r e l a t i on  ( the resul t ing 
formula fo r  Am i s  equation 31 of Appendix A) and se t t i ng  J ~ ( T ~ ~ )  
t o  zero. If the fur ther  approximation E = oo i s  made 3 
The formula fo r  the  to rs iona l  mode exci ta t ion coeff ic ient  A'  i s  
m 
obtained by interchanging primed and unprimed qwmti t ies  i n  the  above 
r e su l t s .  
2.7 The E$rpty-Waveguide Limit; Phase S h i f t  
One method f o r  measuring the propagation factor  k = p - ia  is 
simply t o  measure the  wave amplitude and phase a s  a function of 
distance. I f  a s ingle  mode i s  propagating the phase w i l l  change 
l inearly with z , . t h e  slope being p . The amplitude w i l l  decay 
exponentially and a i s  the  inverse of the e-folding distance. A 
second approach i s  t o  measure the  amplitude and phase a t  a single 
point and use the exci ta t ion coefficient and the loop current t o  
determine k . I n  the  l a t t e r  measurement the ambiguity of a multiple 
of 2s inherent i n  phase measurements must somehow be resolved. That 
is,  we must regard phase angles of n and 3n , fo r  example, t o  rep- 
resent s i tuat ions i n  which the distances between the exciting loop and 
receiving probe d i f f e r  by exactly one wavelength. To a id  i n  t h i s  
determination it is convenient t o  define the  phase r e l a t ive  t o  a 
s i tua t ion  which i s  well-understood and which can be reached by a 
continuous variat ion of the plasma parameters. Such a reference s t a t e  
is the zero-density l i m i t .  
The solutions we  have obtained apply d i rec t ly  t o  the empty 
waveguide i f  we s e t  c2 = 0 and E = E = E i n  the d i e l ec t r i c  1 3 0  
tensor. We f ind  t h a t  
and the boundary condition once again leads t o  J (T a)  = 0 for the 1 m 
circular ly symmetric TE modes. For a 6.75 cm radius guide the lowest 
cutoff frequency i s  2710 Mc so k = -i Tm fo r  the frequencies of 
m 
i n t e re s t  here. Hence from equation 2.88 
The same results a re  obtained i f  we s e t  n = 0 i n  the E = (;p 3 
diss ipat ionless  theory. We now define the  phase s h i f t  $ as  the 
phase lag  of HZ on the ax is  r e l a t i v e  t o  the  phase i n  the empty 
waveguide. 
- Arg H ~ ( o , ~ )  
]plasma (2  93) 
waveguide 
If  the contribution of the mth compressional mode t o  H ~ ( o , z )  i s  
greater  than t h a t  of a l l  other modes ( to rs iona l  a s  well  as  compres- 
s ional)  w e  have 
Examining equation 2.88 fo r  A and noting t h a t  both km and cm 
rn 
a r e  nearly r e a l  and posi t ive  i f  the  damping i s  not too high, we f ind  
2 . Therefore 
where i n  equation 2.96 we can determine $ from the experimentally 
determined phase s h i f t  by adding fac tors  a s  2s  a s  necessary t o  make 
approach zero continuously a s  n -+ 0 . 
2.8 Theory of the  Spectroscopic Density Measurements 
I n  order t o  check the  r e su l t s  of the  wave propagation measure- 
ments it i s  necessary t o  have independent measurements of some of the  
plasma parameters. Since a monochromator was available,  it was decided 
t o  make use of one of the  standard techniques for-  hydrogen plasmas--a 
measurement of the  Stark broadening of one of the  emission l i nes  ( H  B 
a t  486d was used here) t o  determine the plasma density. As w i l l  be 
discussed i n  Section 2.9, it was found tha t  only an absolute calibra- 
t i on  of the  same apparatus was necessary t o  make f a i r l y  accurate 
temperature measurements. 
The spectroscopic ion density measurements used i n  t h i s  inves- 
t iga t ion  a re  based on the f a c t  t h a t  the  energy leve ls  of hydrogen a re  
sh i f ted  by e l e c t r i c  f i e l d s .  Hydrogen exhibi ts  a l i nea r  Stark effect ;  
t h a t  is, the difference between two energy leve ls  and hence the f r e -  
quency of radiat ion a r i s ing  from a t r ans i t i on  between them has a s h i f t  
which depends l i nea r ly  on the  e l e c t r i c  f i e l d .  Strong loca l  e l e c t r i c  
f i e l d s  are,  of course, present i n  a plasma; since d i f fe ren t  radiat ing 
atoms f ind themselves i n  d i f fe ren t  f i e l d s  depending on the proximity 
of neighboring ions and electrons,  the  ne t  e f f ec t  i s  a broadening of 
the  spec t ra l  l i ne s .  
The e a r l i e s t  s a t i s f ac to ry  theory, due t o  Holtsmark (16), took 
i n t o  account only the f i e l d s  of the  ions and led t o  the  r e s u l t  t h a t  the  
2/ 3 width of a Stark-broadened hydrogen l i ne  i s  proportional t o  n . 
165. Holtsmark, Ann. Physik 58, 577 (1919). J.  Holtsmark, Physik. Z. 
20, 162 (1919); 25, 73 ( 1 9 3 ) .  
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Since then, more elaborate theories  have been developed t o  include the 
e f f ec t  of electron shielding on the  ion broadening a s  w e l l  a s  the  
. broadening caused by the co l l i s ions  of electrons with the radiat ing 
I atom. A comprehensive review of the  subject  i s  contained i n  an a r t i c l e  
by Margenau and Lewis (17). We s h a l l  use here t he  calculations of Griem, 
Kolb, and Shen (18-20). Their r e su l t s  a r e  expressed i n  terms of a nor- 
malized l i n e  i n t ens i ty  S(Q) where a is the  normalized wavelength 
difference from the  l i n e  center Xo 
A - A  
0 Q = (wavelengths i n  Angstroms) (2-97) 
-13 2/3 1.25 x 10 n 
The tabulated p ro f i l e s  a re  normalized so t h a t  
The e f f e c t  of using the  variable a defined by equation 2.97 is t o  make 
t he  function S almost independent of the  density.  
For convenience i n  notation we w i l l  describe the  l i n e  p rd f i l e  by 
a new function 
whose value a t  a given wavelength is  simply the  r e l a t i ve  in tens i ty  of 
t h e  l i n e  a t  t h a t  wavelength. W e  have indicated the dependence of S on 
17 H. Margenau, M. Lewis, Rev. Mod. Phys. - 31, 569 (1959) . 
18 H. R. G r i e m ,  A. C .  Kolb, K. Y.  Shen, Phys. Rev. - 116, 4 (1959). 
19 H. R. Griem, A. C.  Kolb, K. Y.  hen,' U.S. Naval Research Laboratory 
Report 5455   arch 1960). 
20 H. R. Griem, A. C. Kolb, K. Y.  Shen, Astrophys. J .  - 135, 272 (1962). 
n and T ex-plicitly i n  equation 2 -99. From Equation 2.98 the nor- 
malization of P is given by . 
A s  w i l l  be discussed i n  Section 3.3, the  measurement o f  the  in- 
t e n s i t y  p r o f i l e  was performed with an instrument of f i n i t e  resolution.  
For our purposes here we may th ink  of the  measuring device as  a tunable 
narrow-band f i l t e r  followed by a detector.  That is, f o r  monochromatic 
l i g h t -  of wavelength A. anc constant intensi ty ,  the  output voltage of 
t h e  detector i s  proportional t o  H(L - kc) where Xc i s  the  center wave- 
length of t he  f i l t e r .  For convenience we normalize t h e  t ransfer  func- 
t i o n  so t h a t  
I f  t he  f i l t e r  is  illuminated with l i g h t  from a radiat ing plasma whose 
in t ens i ty  p r o f i l e  i s  P ( x , ~ , T )  i n  such a way tha t  the li'ne p ro f i l e  and 
f i l ter  t r ans fe r  function overlap (see Figure 2.5), the  detector 
Figure 2.5 I l l u s t r a t i o n  of the  Relationship between the  
Line P ro f i l e  and F i l t e r  Function 
a 
output w i l l  be given by the in tegra l  with respect t o  X of the 
product of P ( A , ~ , T )  and H ( X  - Xc); t ha t  is, the  output w i l l  be 
We may regard equation 2.102 as  defining a modified l i n e  profi le .  The 
normalization is  unchanged, since 
I n  making use of the Stark prof i les  the procedure was as fol-  
lows : 
a) A s e t  of normalized prof i les  S ( a )  f o r  various densi t ies  
was obtained by interpolating between the tabulated pro- 
f i l e s .  The dependence on temperature over the wavelength 
range of in t e res t  w a s  so weak a s  t o  be negligible; the 
4 o 
value T = 10 K was assumed. 
b)  The l i n e  prof i les  P ( x , ~ , T )  i n  terms of actual  wavelength 
were determined according t o  equation 2.99. 
c) The modified prof i les  P ' ( x , ~ , T )  were produced by con- 
volving the or ig ina l  prof i les  with the  measured t ransfer  
function of the recording instrument a s  shown i n  2.102. 
d )  The modified p ro f i l e s  were compared &h the  measured 
l i n e  p ro f i l e s  t o  determine the ion density.  
The d e t a i l s  of the  instrumentation and the measurement procedure w i l l  
be discussed i n  Section 3.'3. 
2.9 Theory of the  Spectroscopic Temperature MeasWements 
I n  the l a s t  section we discussed the problem of determining 
the ion density from the shape of the  H l i n e  prof i le .  We now 
- B 
observe t h a t  t he  t o t a l  area  under the  in tens i ty  curve i s  determined by 
-
t he  population i n  the  upper energy l eve l  involved i n  the  t rans i t ion .  
Hence an absolute cal ibrat ion of the  polychromator used t o  measure the 
l i n e  p r o f i l e  w i l l  provide a simultaneous measure of t h e  density of 
atoms i n  t h a t  level .  From t h i s  information and the  ion density we can, 
under cer ta in  assumptions, calculate  the  temperature. The d e t a i l s  of 
t h i s  procedure are discussed below. 
Assuming the plasma t o  be op t ica l ly  thin ,  t he  energy radiated 
per un i t  volume due t o  spontaneous t rans i t ions  from the  - s t h  t o  the  
t t h  l eve l  i s  
- 
where h i s  Planckls constant, v i s  the frequency of the  emitted 
st 
radiation,  Ast i s  the t r ans i t i on  probabili ty,  and n i s  the  density 
9 
of atoms i n  the  - s t h  level .  For the H line, A (averaged over the  B 42 
6 
angular momentum s t a t e s )  i s  8.3 x 10 sec-l  (21) so t h a t  
21 B. Bethe, Handbuch der ~ h y s i k  - X X I V ( ~ ) ,  ( spr inger -~er lag ,  Berlin 1933), 
p. 444. 
? 
We must now make a much stronger assumption about the s t a t e  of 
the plasma than any of the previous theories required. Such calcula- 
t ions  as  the Stark broadening computation by Briem, Kolb ahd Shen and 
the calcuhation of the transport  coefficients by Marshall require a t  
most the assumption tha t  the velocity dis t r ibut ions of the electrons 
and ions a re  Maxwellian and characterized by a common temperature T . 
According t o  estimates by Spitzer (22), the character is t ic  time for  
establishment of equiparti t ion between electrons and protons with 
0 21 -3 k ine t ic  temperatures of the  order of 10,000 K a t  a density of 10 rn 
i s  about 0.1 vsec. The times fo r  the establishment of Maxwellian dis-  
t r ibut ions are  much shorter, so the above assumption seems well 
jus t i f ied .  We now assume tha t  the s = 4 energy leve l  and a l l  higher 
levels  a re  essent ial ly  i n  thermal equilibrium with the f r ee  electrons 
so tha t  the Boltzmann and Saha equations can be used t o  calculate the 
populations. This assllmption has been investigated i n  a ser ies  of 
papers by Bates and Kingston (23), McWhirter (241, and by a l l  three 
authors (25). Their resu l t s  indicate tha t  our assumption i s  probably 
just i f ied.  For example, the population of the  S = 4 s t a t e  i s  found 
t o  d i f f e r  from the thermal equilibrium population by l e s s  than 30$ i f  
22 L. Spitzer,  Physics of Fully Ionized Gases (~n te r sc i ence  Publishers, 
Inc., New York (l956), pp. 76-81. 
23 D. R .  Bates, A. E. Kingston, Planetary and Space Sci.  - 11, 1 (1963). 
24 R.  W.P . McWhirter, Nature - 190, 902 (1961) . 
25 D. R. Bates, A. E. Kingston, R.W.P. McWhirter, Proc. Royal Soc. 
 ondo don) - 267A, 297 (1962). 
n A 1 0 ~ ~ ; ~  and T A 5 0 0 0 ~ ~ .  It m u s t  be emphasized t h a t  i n  a recom- 
bining plasma the  question of the existence of thermal equilibrium or  
detai led balancing i s  a complex one which must be investigated by 
taking in to  account the  r a t e s  of a l l  relevant t rans i t ions  between 
s t a t e s .  
On the bas i s  of t he  assumption of thermodynamic equilibrium f o r  
the  higher s t a t e s  we may use the Boltzmann and Saha equations i n  the 
forms (26) 
where w e  have used the following notation: 
n = t o t a l  density of hydrogen atoms 
n 
n = density of atoms i n  the  sth l eve l  ( for  t he  ground 
S 
s t a t e  s = 1 )  
Zi = ionization poten t ia l  
%s 
= energy of t he  s t h  s t a t e  r e l a t i ve  t o  the  ground s t a t e  
= 13.6/s2 ev. 
= s t a t i s t i c a l  weight of the  sth s t a t e  = 2s 2 Qs 
26 A. ~ n s s l d ,  Physik der Sternatmospharen (springer-verlag, Berlin, 
19551, 2nd ~ d . ,  P. 83. 
Dividing equation 2.107 by 2.106 yields  
I n  a dense plasma the energy Ii- X appearing i n  the  exponential 
S 
should be modified t o  take i n t o  account the  Debye shielding. Griem 
(27) shows t h a t  the  appropriate correction consists i n  subtracting 
f r o m t h i s  energy the correction term 
where 
For our plasma the  correction i s  of the  order of . O 1  ev and may be 
ignored. Putt ing in to  equation 2.108 the  numerical values of the  
various quant i t ies  for  s = 4 and combining with equation 2 .lo4 yields 
where we have s e t  ni = n = n . Thus, i f  the  absolute l i n e  in tens i ty  
e 
and the density are,known, the temperature may be determined. The 
27 H. R .  Griem, Phys. Rev. - 128, 997 (1962). 
normalized H l ine  in tens i ty  U B 4$"2 i s  plotted as  a function of 
temperature i n  Figure 2.6. It w i l l  be noted that,unless the tempera- 
2 
t u re  i s  very high, a given uncertainty i n  u4$n leads t o  a smaller 
uncertainty i n  T ; for  example, a t  20,000~ an error of 2 6  i n  
II4fi2 produces about a 1C$ e r ror  i n  T . 
The actual  measurement of UI12 is  performed by comparing the 
brightness of the plasma t o  tha t  of a tungsten surface. Consider the 
s i tuat ion shown i n  Figure 2.7. We wish t o  compute the power emitted 
per steradian by a cylindrical plasma of length L radiating through 
a small hole of area A . The energy i s  collected by a lens subtending 
a small angle Q0 as  shown; hence, we may approximate the volume of 
plasma sampled by the  cone defined by r = L , 8 = Q . The power 
0 
2 
radiated through the  hole by the volupe element dV = 2nr s i n Q d r  dQ 
i s  approximately 
A cos Q dW = Uh2 dV ' 
4nr 2 
- '42 A s i n  8 cos 8 dr dQ 
2 
and the  t o t a l  power collected w i l l  be. nearly 
where n i s  the sol id angle of collection. Hence the radiated power 
per steradian near the axis  i s  
Fig. 2.6 Normalized H Line In t ens i t y  as a Function of t h e  
Temperature B 

dW 
- - 
" dSa 
= o ( h )  dh 4x B 
l i n e  
where we mean by o (x)  the power radiated by the  plasma per steradian B 
per un i t  wavelength. 
Now consider the quanti ty corresponding t o  co fo r  .the tungsten B 
surface. 'The power radiated per square meter per uni t  wavelength, 
which w i l l  be denoted by C , i s  known. A f l a t  surface of area A 
then rad ia tes  u, = CA/X watts per steradian per un i t  wavelength t 
normal t o  t h e  surface. We now rewrite equation 2.114 i n  the form 
= -  
AL L w (2.115) 
l i n e  '"t l i n e  
where we make use of the f a c t  t h a t  w i s  e s sen t i a l l y  constant over t 
the  wavelength range of i n t e r e s t .  The in t eg ra l  i n  equation 2.115 i s  
jus t  the  i n t ens i ty  of the  l i g h t  from the plasma r e l a t i ve  t o  the  inten- 
s i t y  of the  l i g h t  from the  lamp. The experimental apparatus and 
methods used t o  make t h i s  coba r i son  m e  discussed i n  Section 3.3. 
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111. EXPERIMENTAL METHODS 
3.1 Plasma Formation 
The apparatus f o r  the  production of the  plasma i s  the  same as  
t h a t  used i n  e a r l i e r  experiments a t  t h i s  laboratory (see Figure 1 of 
Appendix A) . The plasma i s  formed i n  a s t a in l e s s  s t e e l  cylinder 13.5 
cm i n  diameter and 91.5 cm long with a 26 cm glass  extension on one 
* 
end. The tube i s  closed a t  both ends by pyrex p la tes .  A hollow s ta in-  
l e s s  s t e e l  electrode 5 em i n  diameter and length projects  through the 
p l a t e  a t  the  driving end. Access t o  the tube i s  available through a 
row of e ight  1/2-inch por t s  10 cm apar t  i n  the s t a in l e s s  tube and 
through a 3/8-inch port  i n  the  electrode.  A l l  vacuum sea l s  employ Viton 
O-rings shielded from d i r ec t  contact with the plasma. The trapped 
2-inch o i l  ddffusion pump i s  capable of evacuating the system t o  about 
Torr. Before each experiment the  tube i s  valved off  and a s t a t i c  
atmosphere of hydrogen i s  admitted; i n  a l l  the  work reported here the  
pressure i s  .07 Torr. 
The en t i r e  plasma tube i s  placed inside a double-layer solenoid 
driven by a 1200 pf, 10 kv capacitor bank. The waveform of the a x i a l  
magnetic f i e l d  i s  shown i n  Figure 3.1. I n  these experiments the  peak 
2 
f i e l d  was 1 . 1 7  web/m , corresponding t o  a bank voltage of 6 kv; uni- 
formity along the tube axis  is  about 2% over 80 cm of i ts length. The 
crowbar igni t rons , f i red 850 psec a f t e r  the capacitor bank i s  cmnected 
t o  the  solenoid, prevent the  bank voltage from reversing and r e su l t  i n  
an exponential decay of the  f i e l d .  
Fig. 3.1 Axial Magnetic Field at 1 kv Bank Voltage. 
Vertical Scale - 0.5 we.b/rn2 per large division 
Horizontal Scale - 200 vsec per large division 
Fig. 3.2 Ionizing Current 4 Vertical Scale - approximately 10 a- per 
large division 
Horizontal Scale - 10 psec per large division 
I n  these  experiments t he  plasma was formed 400 psec a f t e r  t he  
solenoid current  was i n i t i a t e d ,  when t he  magnetic f i e l d  has reached 
about 80s of t he  peak value. The method of formation i s  t h a t  used by 
Wilcox, e t  a 1  ( l ) ,  Cooper (2 ) ,  and recent ly  invest igated i n  some d e t a i l  
by Brennan, e t  a1 (3) .  A 14 kiloamp current  pulse l a s t i n g  30 psec (see  
Figure 3.2) is  discharged between t h e  electrode and t h e  concentric - 
tube. This discharge produces a hydromagnetic ioniz ing f ron t  which i s  
driven down the  tube a t  a near ly  constant veloci ty  ( t yp i ca l l y  5 ~ m / ~ s e c )  
by t he  azimuthal f i e l d  produced behind t he  f ron t  by t he  a x i a l  current .  
The r a d i a l  current  i n  t he  f ron t  experiences an azimuthal force  because 
of t h e  a x i a l  magnetic f i e l d  of t he  solenoid so t h a t  t h e  plasma i s  
ro ta t ing .  Detailed spectroscopic invest igat ion of the  decay of a 
plasma formed i n  s imi la r  devices a r e  t he  subjects  of Cooper's study 
and of a repor t  by I rons  and Millar  ( 4 ) .  On the bas i s  of t h e i r  work 
one would expect a plasma with approximately t he  following propert ies:  
1. about 20$ of t h e  neu t r a l  gas i s  swept ahead of t he  ionizing f ron t ,  
leaving behind it a nearly f u l l y  ionized plasma. 2. Longitudinal 
nonuniformities i n  t he  plasma densi ty  and temperature disappear by 80 
psec a f t e r  t he  i n i t i a t i o n  of t he  discharge. A pronounced dip  i n  t h e  
densi ty  ( t o  as l i t t l e  as 25% of the  peak value) near t he  tube ax i s  
J . M .  Wilcox, A.  W. DeSilva, W. S. Cooper 111, Phys. Fluids 4, 1506 
- 
(1961) 
W. S. Cooper 111, Lawrence Radiation Lab. Report U C R L - ~ O ~ ~ ~  ( u n e  
1963) 
3 M. H. Brennan, I. G. Brown, D. D .  Millar ,  C .  N. Watson-Munro, J .  Nuc- 
l e a r  Energy Pa r t  C, - 5 ,  229. 
F. E. Irons,  D. D.  Millar ,  Report m.8, Wills Plasma Physics ~ e p t  . ,
Universi ty of Sydney, Austra l ia  ( ~ p r i l  1964). 
C 
persis ted f o r  a t  l e a s t  160 psec i n  Cooper's study, but disappeared 
almost completely i n  60 psec i n  the  other investigation.  J. The 
plasma i s  nearly i n  l oca l  thermodynamic equilibrium with a temperature 
of 1-2 eV. 4. The plasma decays by volume recombination ra ther  than 
diffusion. The ion density f a l l s  by a f ac to r  of two i n  about 100 psec. 
The experiments reported here a r e  performed i n  the afterglow 
period beginning just  a f t e r  the  ionizing current i s  crowbarred and 
l a s t i n g  f o r  about 300 psec. 
3.2 Wave Excitation and Detection 
A block diagram of the transmitt ing and receiving system used i n  
the  wave experiments is  shown i n  Figure 3.3. A reference s ignal  i n  the  
range 5-15 Mc i s  used t o  exci te  a 1&3 watt commercial amateur radio 
t ransmit ter  which i s  continuously tunable from 2-30 Mc. For measure- 
ments above 30 Mc t h i s  t ransmit ter  i s  used t o  dr ive a 50 watt VHF 
amplifier .  By means of plug-in co i l s  and s t r i p - l i ne  p l a t e  c i r cu i t s  the  
VHF amplifier  output c i r cu i t  can be tuned t o  above 100 Mc. Here it i s  
used a s  a c lass  C frequency mult ipl ier  and i s  l imited t o  90 Mc when 
driven a t  30 Mc. A matching network connects the  t ransmit ter  t o  a 7.5 
- cm diameter loop coaxial with the  plasma tube. The loop i s  formed of 
20 gauge copper wire i n  a pyrex sheath. To adjust  the  matching network 
a 4-ohm r e s i s t o r  i n  s e r i e s  with the  loop i s  used t o  simulate the  e f f ec t  
of the  plasma. This value i s  based on the  observation of the  decay 
r a t e  of a 10 Mc wave excited by connecting a charged capacitor t o  the 
loop. If necessary, minor adjustments i n  the  matching network a re  made 
by t r ia l  and e r ro r  using the  ac tua l  plasma. Lumped matching networks 
WAVE 1 I 
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Fig. 3.3 Block Diagram of the Transmitting and Receiving System 
I 
AMPLITUOE I 
SIGNAL I 
DETECTOR 
AND 
FILTER 
- 
RF 
AMPLIFIER --B 
I 
I 
I 
LlM ITlNG I 
b RF I 
AMPLIFIER I 
I DETECTOR 
AND I F I LTER 
PHASE I 
- SIGNAL I 
I - . I 
PHASE FREQUENCY 1 & 
SHIFTER MULTI PLIER I ? 
I 
I 
b 
50 WATT 
VHF - 
nf, AMPLIFIER 
180 WATT 
 AMPLIFIER^ 
I 
I f, 
I 
1 
a r e  used below 30 Mc; a t  higher frequencies combinations of lumped and 
transmission l i n e  techniques a r e  employed. The loop current i s  
monitored by a small magnetic probe sampling the f i e l d  inside the  
coaxial feed t o  the  driving loop. 
The wave detection system uses a magnetic probe consisting of 
f i ve  tu rns  of No. 32 wire wound an a 3/16 i n .  diameter l u c i t e  form 
and provided with a s lo t t ed  s t a in l e s s  s t e e l  e l ec t ros t a t i c  shield.  A 
3/8 in .  0 .D. alumina sheath projecting through the  port  i n  the  elec- 
trode protects  the  probe from the plasma. I n  some cases probes 
inser ted  r ad i a l ly  through the  s ide  por t s  of the  tube have been used, 
but there  i s  evidence t h a t  t h e i r  disturbing e f f ec t s  a re  greater .  , 
Calibration of the  magnetic probes was accomplished by using the wave 
detection probe t o  sample the f i e l d  of a one-turn loop two inches i n  
diameter. Measurements with a VHF impedance bridge ver i f ied  t h a t  t h i s  
loop was purely inductive t o  300 Mc, and the  measured inductance agreed 
t o  within 5$ with the calculated value. Thus the  voltage across the 
loop could be re la ted  t o  the  magnetic f i e l d  sampled by the probe. With 
a 50-ohm termination the wave detection probe had a low-frequency sen- 
s i t i v i t y  of 7.6 x lom5 volt-see-m2/weber f a l l i n g  t o  64$ of t ha t  value 
at 90 Mc. With the wave exci ta t ion loop i n  f r e e  space and using a 
procedure e s sen t i a l l y  the  reverse of the  one just  described, the  wave 
detection probe was used t o  ca l ib ra te  the  loop current probe. I n  t h i s  
case it i s  possible t h a t  e r ro r s  a s  high a s  25$ a t  90 Mc could be intro-  
duced by the  f a c t  t h a t  the  point a t  which the probe samples the  current 
fed  t o  the  loop i s  about 10 cm from the  terminals of the  loop. Since 
the  presence of the  plasma changes the  impedance of the  loop and the 
matching is only approximate, a standing wave i s  s e t  up which makes the 
amplitude of the current i n  the loop feed l i n e  a function of position 
along the l ine .  
As  a check on the calibration of the receiving probe, it was 
used (with an electronic  integrator) t o  measure the ax ia l  magnetic 
f i e l d  of the  solenoid. Assuming the data of Figure 2.1 (which was - 
obtained with an accurately constructed 1-inch c o i l  whose sens i t iv i ty  
could be calcu1ated)to be correct, it was found t h a t  the  sens i t iv i ty  of 
the probe was 16$ higher a t  a few hundred cycles than a t  2 Mc. The 
discrepancy may be due t o  the greater effectiveness of the  slotted: 
shield as  a magnetic shield a t  the higher frequencies. A fur ther  t e s t  
of the self-consistency of the calibrations was made by measuring a t  
30 Mc the r a t i o  of B (0,z) t o  the  loop current with a vacuum i n  the 
z 
waveguide. The measured r a t i o  was about 2 ~ $  below the calculated 
value. This was judged t o  be acceptable agreement; fo r  example, the 
e r ror  could have resulted from an er ror  of 0.15 i n ,  i n  measuring the 
loop-to-probe distance. 
The receiver, as shown i n  Figure 3.3, consists of an r . f .  pre- 
q l i f i e r  followed by two p a r a l l e l  channels. One i s  simply a l inear  
r .f . amplifier (a typica l  stage i s  shown i n  Figure 3.4) folfowed by a 
c rys t a l  detector and f i l t e r .  It provides a s ignal  nearly proportional 
t o  the amplitude of the received wave. The second channel consists of 
s i x  cascaded limiking amplifiers whose function i s  t o  remove the amp- 
l i t ude  variations from the s ignal  while preserving phase information. 
Such an operation i s  necessary because phase and amplitude variations 
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Fig. 3.4 Typical Stage of the  R.F. Amplifier 
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occur on the same t i m e  scales  i n  the  experiments. Pentode l imi te rs  
s imilar  t o  those frequently used i n  f . ~ .  receivers were found t o  be 
in fe r io r  t o  the  simple gated-beam tube c i r c u i t  shown i n  Figure 3.5. 
With 55 db of preamplification a 20 pv r m s  s igna l  produces f u l l  
l imiting.  The l imi te r  output increases l e s s  than 5% fo r  a. thousand- 
fo ld  increase i n  s igna l  input, a t  which point the  amplitude detector 
saturates .  The bandwidth i s  about 200 kc. 
The l imi te r  output i s  added t o  a much larger  sample of the  
transmitted signal,  detected and f i l t e r e d .  The input t o  the detector 
i s  thus 
e ( t )  = a cos r u t  + a cos(mt - 8,- pi) 1 1 2 (3.1-1 
%'here a >> a* . The t o t a l  phase s h i f t  froxi the  reference input t o  1 
the  detector th rowh the t r ansn i t t e r ,  e q t y  waveguide, and r e c e i v ~ r  i s  
--
represented by go . The ren.cining phase s h i f t  P[ i s  therefore the  
same a s  t h a t  defined by equation 2.96--namely, the phase of 
~ ~ ( r =  0, Z)  r e l a t i ve  t o  i t s  value i n  the empty waveguide. We may 
rewri te  the  detector input a s  
I f  w e  ignore terms of t he  order (a2/al) compared with uriity i n  the  
square root and arctangent be Save 
so tha t  i f  the  detector functions as  a peak or envelope detector i ts  
output i s  
The phase s h i f t  go, although large, i s  substant ia l ly  constant 
during the experiment. This has been ver i f ied  by feeding the loop cur- 
ren t  probe output in to  the  receiver and observing the  phase detector 
output when the  plasma i s  pulsed. A phase s h i f t e r  ( a  t rans i s tor  phase 
s p l i t t e r  driving an R-C bridge) is  provided so t h a t  go may be 
adjusted t o  a convenient value. 
The amplitude a2 i s  held constant by the  l imi te r .  Since the 
t ransmit ter  s igna l  amplitude i s  affected by the plasma, the  reference 
s igna l  i s  i n  pract ice  derived from the exc i te r  v ia  a frequency multi- 
p l i e r  t o  match the  frequency multiplication i n  the  t ransmit ter .  The 
two stages of the  frequency multiplier  a re  essen t ia l ly  i den t i ca l  t o  
t he  narrow-band r . f .  amplifier c i r c u i t s  except f o r  t he  f a c t  t h a t  p la te  
c i r c u i t s  a r e  tuned t o  harmnics of the  input s ignal .  
To tune the  receiver the  p la te  c i r cu i t s  i n  a l l  c i r c u i t s  except 
t he  preamplifier have independently variable capacitors. I n  addition 
the  inductors a r e  mounted on 7-pin tube bases so they can be readi ly  
changed. Three s e t s  of co i l s  cover the  range 4-32 Mc i n  octaves. It 
has been found tha t  the  tuning of the  l imi te rs  i s  somewhat c r i t i c a l  i f  
a s l i gh t  amplitude-dependent phase s h i f t  is  t o  be avoided. The 
preamplifier uses th ree  cascaded commercial 125 Mc dis t r ibuted ampli- 
f i e r s ,  so tha t  no tuning i s  necessary. 
For frequencies above 30 Mc the receiver jus t  described i s  
modified by inser t ing  mixers Jus t  a f t e r  the  r . f .  preamplifier and 
frequency mult ipl ier  and heterodyning the signals down t o  a convenient 
intermediate frequency (see Figure 3.6) . The mixers ( ~ i g u r e  3.7) use 
pentagrid converters and a re  similar t o  the  r . f .  amplifiers i n  design. 
The most pers i s ten t  problem i n  the design of the  wave experi- 
ment has been the presence of spurious signals from the magnetic f i e l d  
and from r . f .  s ignals  propagating through paths outside the  plasma. 
The time scale  on which the magnetic f i e l d  changes i s  only s l i gh t ly  
longer than the duration of the  experiment so tha t  induced s ignals  
cannot always be removed by f i l t e r s .  Careful a t ten t ion  t o  the  avoid- 
ance of ground loops, par t icu la r ly  i n  the v ic in i ty  of the  solenoid, 
has been found t o  be essen t ia l .  Good shielding of the  t ransmit ter  and 
placing the receiver i n  a screen room were the important f ac to r s  i n  
eliminating spurious r . f .  propagation paths. After some e f f o r t  a 
web/m2 s ignal  i n  the  empty tube could be detected without s igni-  
f i c a n t  e r rors  due t o  unwanted s ignals .  
3 . 3  Spectroscopic Measurements 
-
The equipment used f o r  absolute measurements of the  H l i n e  B 
profi le ,  shown schematically i n  Figure 3.8, i s  similar t o ,  polychrom- 
t o r s  constructed by other invest igators  ( 5 ) .  The basic  un i t  i s  a 
5 ~ .  R .  Spillman, W. S. Cooper 111, J. M. Wilcox, Applied Optics - 2, 205 
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Jarrell-Ash Model 82-000 monochromator with i t s  e x i t  s l i t  opened t o  
about 1 mm. A 12 rum focal-length cylinder lens p a r a l l e l  t o  the s l i t  
increases the  dispersion of the instrument so tha t  50 cm from the 
e x i t  s l i t  a 14-angstrom portion of the spectrum i s  spread over 2 
inches. A second oylinder lens with i t s  axis perpendicular t o  the  
first reduces the ve r t i ca l  height of the image t o  about 1/2-inch. A 
se r i e s  of l igh t  pipes of 1/8 x 1-inch luc i te  s t r i p  col lect  the l ight  
a t  eight different  wavelengths and pipe it t o  separate photomulti- 
p l i e r s .  A mask of th in  copper was constructed by focusing a narrow 
l i n e  from a mercury tube on the mask and cutting sl i ts  t o  pass the  
image of the l i n e  a t  positions corresponding t o  the desired wavelengths. 
Fig. 3.9 Schematic Diagram of the Polychromator 
Since a s t ra igh t  entrance sli t  i s  used, the image i s  curved; the  mask 
permits the  use of the  e n t i r e  height of the s l i t  without a severe loss  
i n  resolution.  By scanning a narrow l i n e  ( ~ d  4086) across the  e x i t  
s l i t  the resolution i s  measured t o  be 0.6A, indicating a loss  of a 
factor  of two from the normal resolution of the  monochromator. 
The photomultiplier c i r cu i t s  a re  conventional divider s t r ings ,  
with capacitors across the  l a s t  stage.  Both 1 ~ 2 8  and 931-A photomul- 
t i p l i e r s  have been used. Since the instrument i s  operated i n  f a i r l y  
strong magnetic f i e l d s  the  photomultipliers a re  housed i n  a mgnet i -  
ca l ly  shielded box. The eight  output cables run through metal pipes 
i n t o  the screen room, where they a re  fed t o  the  common-base amplifiers 
shown i n  Figure 3.9. These have a low input impedance, high output 
impedance and a current gain of nearly unity. Thus they permit the  
use of large load r e s i s to r s  t o  convert the  photomultiplier currents 
t o  voltages while roughly terminating the  long coaxial l i n e s  and main- 
ta ining a good frequency response. The r i s e  time of the system i s  
determined by the  load res is tance and oscilloscope input capacitance 
and i s  about 2 psec. A l l  e ight  channels of the  polychromator a r e  
displayed on one dual-beam oscilloscope by means of two four-channel 
choppers. 
Light from the  plasma i s  ref lected in to  the polychromator by 
0 
a mirror inclined a t  an angle of 45 t o  the axis  of the  plasma tube. 
The mirror i s  mounted on an op t i ca l  bench so t h a t  l i g h t  from d i f fe ren t  
r a d i i  can be collected simply by moving the mirror. The l i g h t  i s  
focused on the entrance s l i t  by a 135 mm foca l  length lens  with a 
solenoid-operated shut te r  used i n  t e s t i ng  and ~ a l i b r a t i o n ~ o f  the 
Figure 3.9 Photomultiplier Amplifier 
0 
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system. Alignment turns out t o  be very simple: a mercury tube i s  
5 6 K  
placed a t  the e x i t  s l i t  of the monochromator and the l igh t  path i s  
47K OUTPUT 
followed backward through the system. The path of the l igh t  through 
the end p la tes  of the plasma tube can eas i ly  be seen i n  a darkened room. 
The polychromator and mirror are adjusted so tha t  path remains pa ra l l e l  
0 
t o  the axis  of the plasma tube as  the mirror is  moved along the opt ical  
bench.. A mask 3/4-inch high i s  placed across the window nearest the 
. . 
mirror t o  give some ve r t i ca l  resolution. The volume Sampled approxi- 
0 
I I A \I 
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t 
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mates a prism with bases .12 by .75 inches and .2 by 1.8 inches. 
b 
Absolute and re la t ive  calibration of the  polychromator channels 
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-22 +22 
i s  accomplished by using a ribbon-filament tungsten lamp as  a standard. 
The effective black-body temperature of the lamp i s  measured with an 
op t i ca l  pyrometer as  a function of the lamp current. By using the  
- "72- 
known properties of tungsten and glass  one can compute the  l i g h t  inten- 
s i t y  emitted by the  tungsten surface a t  the  wavelength of the  H l i ne .  B 
The lamp is  then placed a t  the  end of the  plasma tube so t h a t  the  image 
of the  entrance s l i t  of the  monochromator, truncated by the  314-inch 
mask, f a l l s  en t i r e ly  on t h e  filament. The shut ter  i s  used .to 
produce a short  pulse of l i g h t  and the  output voltages of the  channels 
- 
a r e  recorded. I f  t he  lamp i s  removed and the l i g h t  from the  plasma 
allowed t o  enter  the  polychromator, the  output of a given channel 
r e l a t i ve  t o  i t s  output f o r  the  l i g h t  from the lamp gives one point on 
the  curve ( A )  a s  defined i n  Section 2.9. 
The density and temperature of the  plasma a re  determined from 
the  data  i n  the  following way. The eight points representing cu /u, B t 
a r e  plot ted with logarithmic ordinates versus wavelength. Theoretical 
p ro f i l e s  p lo t ted  i n  the  same way on transparent sheets a r e  superposed 
on the data, paying no a t ten t ion  t o  the  absolute value--that is, the 
t heo re t i ca l  curves a r e  sh i f ted  ve r t i ca l ly  t o  give the bes t  f i t .  The 
density is taken t o  be t h a t  corresponding t o  the  curve which is  
visual ly  determined t o  give the bes t  f i t  t o  the  data. It i s  usually 
possible t o  determine the  b e s t - f i t  density t o  2 lo$. Griem, Kolb, and 
Shea estimate the  possible e r ro r s  i n  t h e i r  calculations t o  correspond 
4 o 
t o  an er ror  i n  the  density of 20$. Although only p ro f i l e s  f o r  10 K 
a r e  used, t h i s  i s  not a serious source of e r ror  since over the  wave- 
length region measured a change of a factor  of two i n  t he  temperature 
has less e f f ec t  on a theore t ica l  p ro f i l e  than a 16 change i p  the  den- 
s i t y .  A typ ica l  case i s  i l l u s t r a t e d  i n  Figure 3.10. 
Fig. 3.10 Example of a Measured Line prof i le ,  Showing 
Theoretical Curves f o r  Three Densities 
To determine the  temperature we make use of equation 2.115 and 
the  normalization of S(a) given by equation 2.98. Thus the area 
under the  curve m ( x)/CDt is  just  the  area B 
under the  bes t  f i t  curve times the factor  [%(0)/ut] /s(o) correspond- 
ing  t o  the  amount by which the  theore t ica l  curve has been sh i f ted  ve r t i -  
ca l ly .  Consequently 
The temperature i s  then determined from Figure 2.6. The grea tes t  
sources of e r ror  a r e  the  uncertainty of about 20$ i n  the  density and an 
uncertainty of about 10% i n  the absolute cal ibrat ion of the  system. 
Typically these r e s u l t  i n  an uncertainty of 25$ i n  the  temperature. 
IV. RESULTS 
4.1 ~nt roduct ion  
The resu l t s  of our'experiments, analyzed according t o  the 
theories developed or c i ted i n  Chapter 11, are the  subject of t h i s  
chapter. The next two sections present the  resul ts .of  the spectro- 
scopic meas'urements i n  the form of density and temperature profi les  
and decay curves. Section 4.4 deals with the wave measurements and 
t h e i r  interpretat ion i n  terms of parameters of the  decaying plasma. 
A s  a background for  the discussion of the  wave measurements it 
may be helpful t o  describe qual i ta t ively the features which may be 
expected on the basis  of the theory developed i n  Chapter 11. Referring 
t o  the typica l  s e t  of dispersion curves f o r  the compressional modes i n  
Fig. 2.1, we r e c a l l  t ha t  each mode i s  characterized by a phase factor  
B, and an attenuation factor  a where the  z-dependence of tbe  wave m 
ismz -ai,z 
i s  e e . If the frequency i s  reduced toward the cutoff f re -  
quency aom = TmVA we f ind Bm decreases rapidly and am increases 
rapidly so t h a t  propagation below i s  effect ively blocked. A s  
t he  frequency i s  raised pm increases and a decreases, reaching a m 
minimum a t  a frequency somewhat above 
aom 
. Thereafter both a and 
m 
'm 
increase with frequency. 
I n  t h i s  experiment the frequency is fixed while the plasma 
decays. We may visualize the e f fec t  of the decreasing ion density on 
the  dispersion curves by noting t h a t  a l l  the  compressional mode phase 
fac tor  curves l i e  above the l i n e  a/' = VA . Thus as  the density m 
decays (and vA increases) the phase factor  decreases for  two reasons: 
the ~ l fve)n  speed i s  increasing and the cutoff frequency is r i s ing .  I f  
t h e  wave frequency i s  high enough a t  the s t a r t ,  the attenuation factor 
w i l l  f i r s t  decrease, then increase rapidly, as the density approaches 
the  c r i t i c a l  value fo r  which the cutoff frequency equals the wave 
frequency. This process i s  repeated fo r  each mode, beginning with 
the  highest one fo r  which 
mom < 'U and ending with the  node defined 
by m = 1 . Thus we expect t o  f ind  a decreasing phase s h i f t  and a 
se r i e s  of re la t ive  maxima i n  the s ignal  amplitude. Finally, propagation 
ceases when the density f a l l s  below the c r i t i c a l  value fo r  the lowest 
mode. 
The above discussion has ignored the excitation coefficient.  
From equation 2.88 we see tha t  the main dependence of Am on the den- 
s i t y  i s  v ia  the factor  l/km , which would tend t o  exaggerate the 
amplitude behavior already described. The ef fec t  of the excitation 
coefficient on the phase, again mainly due t o  the term l/km , was 
shown i n  Section 2.7 t o  be the addition of approximately 2 t o  the 
phase. 
4.2 Spectroscopic Density Measurements 
A s  discussed i n  Section 3.3, the spectroscopic measurements a re  
made on the l igh t  collected from a longitudinal section of the plasma. 
Thus the densi t ies  and temperatures resul t ing are  complicated averages 
over the length of the plasma. Observations reported by Cooper (1) 
indicate tha t  both the density and temperature along a f i e l d  l i n e  a re  
uniform t o  within 20$ over the length of the plasma a t  60 psec a f t e r  
crowbar and l a t e r .  Consequently we assume longitudinal uniformity of 
the  plasma i n  discussing our resu l t s .  
1 W.S .Cooper 111, Lawrence Rad. Lab .Report UCRL 10849 ( ~ u n e  .a 1963) p .63. 
Fig. 4.1 Spectroscopically Measured Density Profiles 
Radial density prof i les  a t  various times a re  shown i n  Fig. 4.1. 
It w i l l  be noted t h a t  the  density on the tube axis  i s  65-70$ of t he  
maximum density. Cooper observed a core density of about 30$ of the  
maximum density, while Irons and Millar (2) measured almost no cen t ra l  
dip. These discrepancies a re  of some in t e re s t ,  since the'wave theory 
assumes a uniform plasma. It was speculated t h a t  a possible explana- - 
t i on  was the  f a c t  t h a t  the  magnetic f i e l d  fo r  Cooper's machine was 
dc, allowing the f i e l d  t o  penetrate the  electrode, while the  other 
devices use pulsed solenoids, so t ha t  the  f i e l d s  a re  p a r t i a l l y  ex- 
cluded. Current flowing from the perimeter of the electrode might be 
expected t o  follow the  f i e l d  l i nes  and funnel in to  the  core region. 
The e f f ec t  of f i e l d  penetration in to  the electrode was tes ted  
by f i l l i n g  a hollow electrode with solder, thus changing the charac- 
t e r i s t i c  penetration t i m e  from about 30 psec t o  20 msec . The only 
s ign i f ican t  change i n  the  plasma density, as  shown i n  Fig. 4.2, was 
a tendency toward azimuthal asymmetry and higher dens i t i es  near the 
wall a t  times before 60 psec. 
By integrat ing the  density prof i les  of Fig. 4.1 over the  
volume (again assuming longitudinal uniformity) the average density 
decay curves shown i n  Fig. 4 .2  were obtained. Also shown i s  data 
obtained with the  dr iving loop and one r ad i a l  probe sheath i n  t he  
tube. I n  t h i s  case the  assumption of longitudinal. nonuniformity i s  
somewhat suspect. Apparently some 25% of the ionizing c a r e n t  may be 
diverted t o  the  tube wall by the  presence of an alumina probe sheath 
F.E. I rons  and D.D. Millar, Report ER.~, W i l l s  Plasma Physics Dept., 
University of Sydney, Australia ( ~ p r i l  1964) . 
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extending rad ia l ly  from the tube wall t o  the axis .  This estimate 
r e su l t s  from a measurement of the  azimuthal f i e l d  behind the ionizing 
f ron t .  Consequently it seems l i ke ly  t ha t  the  decrease i n  density may 
be confined t o  the  region beyond the probe sheath. Since i n  the  wave 
measurements there  were no r a d i a l  obstructions between the  electrode 
and the driving loop, one might expect the  upper density decay curve 
t o  be the  appropriate one. 
4.3 Spectroscopic Temperature Measurements - 
Making use of the  absolute cal ibrat ion of the  polychromator and 
the  r e su l t s  of Sections 2.9 and 3.3, the  same data used t o  determine 
the  plasma density y ie lds  the  temperature. 
Fig. 4.4 shows a typ ica l  s e t  of temperature p ro f i l e s  obtained 
with the so l id  electrode.  It appears t h a t  a t  ear ly  times the p ro f i l e  
i s  somewhat asymmetrical and e r r a t i c ,  just  a s  it was f o r  the  density. 
After 40 psec the t e q e r a t u r e  i s  nearly constant across the tube and 
4 o 
equal t o  about 10 K, decreasing only very slowly with time. I n  
Fig. 4.5 i s  shown the average temperature (weighting a l l  r a d i i  
equally) decay curve. 
A s  pointed out i n  Section 2.9, the  Saha equation i s  not expected 
t o  be val id  f o r  t he  lower energy leve ls  i n  a decaying plasma. Never- 
the less  it i s  in te res t ing  to plo t  the density versus the temperature 
f o r  a given radius. It is  usually t rue  tha t  such a decay curve shows 
b e t t e r  repea tab i l i ty  and l e s s  s c a t t e r  than e i the r  the  density o r  tem- 
perature p lo t ted  versus time. Decay curves obtained a t  4.5 cm and 3.0 
cm from the tube axis  a r e  shown i n  Fig. 4.6, together with curves 
h 
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calculated. from the Saha equation assuming the t o t a l  density (ions 
plus neutrals) remains constant. It appears t h a t  a t  4.5 c i  a curve 
2 -3 assuming n = 4.0 IC 1021 L~ rather than 4.6 x 10 m --comes- 
0 
ponding t o  the hydrogen density before the  formation of the plasma-- 
more closely approximates the experimental resu l t s .  A t  3.0 cm there 
i s  rather  poor agreement no matter what t o t a l  density i s  assumed. 
These resu l t s  would seem t o  indicate e i the r  a lack of detailed balance 
a t  the ground s t a t e  o r  substant ial  d r i f t s  of material i n  the tube. The 
4.5 cm resu l t s  would appear t o  lend some feeble support t o  the idea 
[predicted by the  theory of Kunkel and Gross (3)] t ha t  some of the 
neutral  gas i s  swept ahead of the hydromagnetic ionizing wave. 
4.4 Wave Measurements 
The procedure fo r  measuring the propagation character is t ics  of 
the  hydromagnetic waveguide consists of turning on the transmitter, 
forming the plasma, and recording the loop current, amplitude, and 
phase detector outputs as  the plasma decays. Typical oscillograms are  
shown i n  Figs. 4.7 and 4.9 (the amplitude detector output was sampled 
about every 3 psec). Although the loop current i s  not displayed here, 
it was taken in to  account i n  the analysis of a l l  amplitude data. Thus 
our measurements yield as  a function of time the phase and amplitude 
(normalized t o  1 amp loop current) of ~ ~ ( 0 ,  z ) ,  the component of the 
wave magnetic f i e l d  pa ra l l e l  t o  the s t a t i c  f i e l d  measured on the  tube 
W.B. Kunkel, R.A. Gross, i n  Plasma Hydromagnetics, edited by D. 
Bershader (stanford University Press, Stanford, Calif.,  1962), p .58; 
Lawrence Rad . Lab. Report, UCRL 9612 ( 1961) . 
axis a t  a distance z from the driving loop. 
Several typ ica l  features of phase decay curves a re  i l l u s t r a t ed  
by the example of Fig. 4.7. I n  the f i r s t  place, we observe tha t  the 
phase detector output consists of noise fo r  the f i r s t  75 o r  &I psec. 
The amplitude of the s ignal  during t h i s  period i s  large enough t o  pro- 
duce f u l l  limiting: the  noise indicates the absence of s table  propaga- 
t ion  character is t ics .  While t h i s  period was not carefully investigated, 
it i s  interest ing t o  note t h a t  the duration agrees closely with the time 
reported by Cooper (see Section 3.1) fo r  the disappearance of longitudi- 
na l  nonuniformities i n  the plasma. 
The second typica l  feature displayed i n  Fig. 4.7 i s  a rather  
abrupt change i n  the slope of the  phase versus time curve, occurring 
i n  t h i s  case a t  about 300-350 psec. This change i s  invariably 
associated with a sharp drop i n  the  amplitude of the s ignal  from i t s  
maximum value t o  nearly zero. Based on the discussion i n  Section 4 .1  
we in terpre t  these events as indicating tha t  the plasma density has 
decreased so tha t  it coincides with the c r i t i c a l  density for  the lowest 
circularly-symmetric compressional mode; we w i l l  r e fer  t o  t h i s  coinci- 
dence as  "cutoff". After cutoff the phase detector output remains 
nearly constant a t  the  value measured i n  the absence of th6 plasma, 
indicating tha t  t he  plasma density i s  so low as t o  have a negligible 
e f fec t  on the phase. Thus the ambiguity of a multiple of 2n i n  the 
inverse cosine i s  t o  be resolved i n  such a way a s  t o  make the phase 
approximately zero a f t e r  cutoff. 
A t  a l l  frequencies investigated except 15 Mc it frequently 
happens t h a t  there i s  a sudden but temporary change i n  tQe slope of 
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the phase versus time curve similar t o  the  one shown at 150 psec i n  
Fig. 4.7. I n  t h i s  example, note tha t  i f  the curve t o  the  r ight  of the 
discontinuity i s  extrapolated upward, it d i f f e r s  by about 2% from 
the measured curve. A re la t ive  minimum i n  the amplitude of the 
received s ignal  was also noted a t  150 psec. Taken together these f ac t s  
lead one t o  speculate t h a t  a p a r t i a l  interference between two modes 
occurred a t  150 psec; t ha t  is, it appears tha t  the amplitudes of two 
modes were nearly equal and t h e i r  phases different  by approximately 
an odd multiple of x radians. In  such a s i tuat ion the  amplitude of 
the net f i e l d  i s  very small and the phase determined pa r t ly  by each of 
the modes. 
To show tha t  an interference between two modes can r e su l t  i n  an 
e r r a r  of a multiple of 2% i n  the phase, consider the a r t i f i c i a l  
example of Fig. 4.8. I n  Fig. 4.8(a) we show the z-dependence of two 
modes a t  t = 0 . Mode 1 is assumed t o  have a phase (defined by B ~ L )  
of 7x , mode 2 a phase e i the r  s l igh t ly  greater or  l e s s  than 4n . Let 
these phases remain fixed while the amplitudes of the modes a r e  changed 
as shown i n  Fig. 4.8(b). We can compute the amplitude and phase of 
the sum of the  two modes by using a phasor diagram (c) ;  the construc- 
t i on  is  indicated fo r  t = ~ / 2  when A = B = 1/2. The resul tant  
amplitude and phase curves a re  shown i n  (d) and (e); the f i n a l  "mea- 
sured" phase d i f f e r s  from the "correct" value by 231 i n  one case and 
4x i n  another. If one were t o  adjust  the phase curves t o  give the 
correct phase fo r  t > T, the curves would be high by 231 " o r  4x fo r  
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Fig. 4.8 Example Illustrating an Ambiguity in Phase 
Arising from an Interference 
The discussion above indicates  that i f  the phase decay curve 
t o  the r igh t  of an interference i s  correct, the  curve t o  the  l e f t  may 
be i n  e r ror  by a multiple of 231 , and t h a t  a s l i gh t  change i n  the  
plasma conditions during an interference may r e su l t  i n  curves d i f fe r -  
ing by 231 . Fig. 4.9 shows an example of jus t  such a s i tua t ion .  Only 
shot-to-shot var ia t ions  i n  the  plasma parameters a r e  responsible fo r  
the  differences between the  two oscillograms. Note t h a t  the  amplitude 
detector output (approximately proportional t o  the  received f i e l d  
strength) shows t h a t  the  two phase curves s p l i t  near a r e l a t i ve  mini- 
mum i n  the  signal.  
Another event which occurs frequently but with much shot-to- 
shot var ia t ion i s  i l l u s t r a t e d  i n  Fig. 4.9; a substant ia l  change i n  the  
phase a f t e r  cutoff.  I n  some cases one or  more complete f r inges  a r e  
observed a f t e r  the s igna l  amplitude has decreased t o  a very low value. 
It i s  believed t h a t  these ex t ra  phase s h i f t s  a re  due t o  the  noncir- 
cular ly  symmetric modes with lower cutoff frequencies o r  other  
spurious propagation mechanisms . The noncir cularly symmetric modes 
could be excited, fo r  example, by small departures from azimuthal 
symmetry i n  the wave exci ta t ion loop. I n  the case of data obtained 
a t  15 Mc (below the ion cyclotron frequency) it may be t h a t  t he  weakly 
excited tors ional  modes a r e  observed. On the basis  of t h i s  interpre- 
t a t i o n  we w i l l  ignore any phase variations observed a f t e r  cutoff and 
adjust  the  phase ( i n  s teps  of 231) so t h a t  the  phase shift '  jus t  a f t e r  
cutoff i s  nearly zero. 
It should be pointed out t h a t  none of the features  of the  phase 
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due t o  our instrumentation. I n  a l l  the  oscillograms shown the wave 
amplitude was large enough t o  keep the l imi te r  output substant ia l ly  
constant. 
I n  view of the  ra ther  complex features  of the  phase versus time 
curves jus t  discussed, it seemed desirable t o  measure the'phase as  a 
function b f  distance from the driving loop. Figs. 4.10 and 4.11 show 
s e t s  of phase decay curves measured a t  15 and 30 Mc a t  several  a x i a l  
posit ions.  I n  each case the curves have been adjusted ve r t i ca l ly  i n  
s teps  of 231 so t h a t  the  curve (or  i t s  extrapolation) reaches approxi- 
mately zero radians a t  the same time that the amplitude of the s igna l  
drops suddenly. The next two f igures  ( ~ i g s .  4.12 and 4.13) display 
examples of phase versus distance curves obtained by cross-plotting 
the  phase decay curves. For c l a r i t y  e r ror  bars  have been omitted i n  
t h e  data presented i n  Figs. 4.10 t o  4.13. The var ia t ion from shot-to- 
shot i n  t h e  phase measurements a re  typ ica l ly  2 0 . 1  f r inge o r  2 0.6 
radians, except near interferences where the var ia t ions  may be several  
times larger .  Recalling the discussion of Section 2.7 where it was 
shown t h a t  t h e  phase should be approximately Pmz + 3112 i f  a s ingle  
mode i s  propagating, we have drawn s t r a igh t  l i n e s  through (0, 31/2) 
v i sua l ly  f i t t e d  t o  t he  data. They show exactly what i s  t o  be expected 
on the bas i s  of the  theore t ica l  considerations outl ined i n  Section 4.1: 
the  phase i s  nearly t h a t  of a s ingle  mode i f  a t ten t ion  i s  r e s t r i c t ed  
t o  r e l a t i ve ly  long loop-to-probe distances (where the  higher modes have 
been damped out)  o r  l a t e  times (where the  density is below the c r i t i c a l  
values fo r  t he  higher modes). We fur ther  note t h a t  no interferences 
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(except near cutoff) a re  observed i n  Figs. 4.10 and 4.11 under the 
same conditions. Data taken a t  60 and 90 Mc is  qual i ta t ively similar 
t o  the 30 Mc data. 
A s  a quantitative check on the phase data we have used the 
phase factors  determined from the  phase versus diiitance plots  (f3 i s  
just  the slope of the s t raight- l ine approximation) t o  estimate the 
plasma density. The uncertainty i n  determining f3 by t h i s  method 
ranges from 2 5 $ a t  15 Mc t o  about + 109 a t  90 Mc. From equation 2.77 
we see tha t  the resul tant  e r rors  i n  the density should be no more than 
tx ice  a s  great.  
The above discussion indicates tha t  we are  jus t i f ied  i n  
assuming only the lowest mode ( ~ ~ a  = 3.832) need be considered i f  the 
s t ra ight  l ines  a re  f i t t e d  t o  the data taken a t  the  greatest  propagation 
distances. A s  w i l l  be seen l a t e r ,  the damping i s  re la t ive ly  s l igh t .  
Hence the formula f o r  the density (equation 2.77) derived from the 
dissipationless E = oo theory may be applied. The so l id  curves i n  3 
Fig. 4.14 were computed from data obtained a t  each of the  frequencies 
investigated; fo r  comparison the spectroscopic density data from Fig. 
4.2 a re  repeated here. Although the two types of measurements roughly 
agree i n  the  limited time period where they overlap, the density decay 
curves for  different  frequencies d i f f e r  by as much as  a factor  of four. 
The probable explanation fo r  the disagreement between the phase 
data obtained a t  d i f fe rent  frequencies was found only a f t e r  the  bulk . 
of the oscillographic records had been analyzed. To discuss t h i s  
explanation i n  simple terms, l e t  us first note tha t  the time of a r r i v a l  
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Fig. 4.14 Density Decay Curves 
of the maximum i n  the  amplitude of the received s ignal  i s  approximately 
equal to  the time when the  density reaches the c r i t i c a l  value fo r  the 
lowest mode, nl = 2 x 1036/a2 fo r  our experimental conditions. Upon 
comparing the  a r r i v a l  times of the peak amplitudes f o r  the  15 and 30 Mc 
data  presented a s  so l id  l i nes  i n  Fig. 4.14, one finds that .  they very 
nearly coincide, whereas the associated c r i t i c a l  densi t ies  should d i f f e r  
by a factor  of four. Upon investigation it was found tha t  the a r r i v a l  
time of the peak s ignal  i s  a function of the driving loop current, as 
shown i n  Fig. 4.15. The values of the loop current used t o  obtain the 
data previously discussed are  indicated by arrows. If the theory 
leading t o  the  concept of a c r i t i c a l  density nearly coinciding with 
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the  peak s ignal  i s  correct, we a re  therefore l ed  t o  the following con- 
clusion: a s  the  loop current i s  increased, a point i s  reached where a 
fur ther  increase i n  loop current r e su l t s  i n  a rather  abrupt decrease 
i n  e i the r  the i n i t i a l  ion density o r  the decay time, presumably through 
the  influence of the loop current on the  ionization mechanism. It is, 
i n  fact ,  observed tha t  a t  high loop currents the ionization produced 
by the r . f .  f i e l d s  i s  high enough so tha t  a v i s ib l e  glow is  produced, 
One would expect the  15 Mc data, obtained with the  loop current below 
the c r i t i c a l  value, t o  correspond t o  the  spectroscopic measurements 
which were made with zero loop current. Unfortunately the accuracy of 
the data i s  not good enough t o  support t h i s  conclusion. 
To show tha t  data obtained a t  low loop currents a re  consistent 
we have computed the density f romthe  30 Mc phase decay curves 
obtained with the  loop current below 4 amps (see the dashed l i n e  i n  
Fig. 4.14) . It is evident tha t  the disagreement between the 15 and 
30 Mc data  is  reduced from a factor  of four t o  2541, when low loop cur- 
rents  a r e  used a t  both frequencies. While we did not repeat t h e  
experiment a t  90 Mc, it seems l ike ly  that; i n  t h i s  case too, the trans- 
mit ter  power may have been high enough t o  influence the ionization 
mechanism. It i s  interest ing t o  note t h a t  i f  one s h i f t s  the 30 Mc 
density curve measured a t  a loop current of 6 .1  amps t o  the r igh t  by 
20 psec, it coincides with the curve obtained a t  low currents; t ha t  
is, the  plasma density follows the same decay pattern,  a t  l eas t  for  
21  -3 dens i t ies  below 10 m . 
We now turn  t o  a discussion of the  results of t he  amplitude 
measurements. It has already been shown tha t  under some circumstances 
(low densi t ies  and long propagation distances) there is evidence from 
the  phase s h i f t  t h a t  a s ingle  mode dominates t he  propagation. I n  some 
cases, however, the  amplitudes of higher modes cart be comparable t o  
t h a t  of t he  lowest mode since interferences a r e  observed. 
I n  Fig. 4.16 a re  shown curves of amplitude (normalized t o  the  
instantaneous loop current) versus time corresponding t o  the  15 Mc 
phase data of Fig. 4 .lo. Similar measurements were made a t  each f r e -  
quency investigated.. The s c a t t e r  i n  these measurements increases with 
f requeacy from about 2 lo$ a t  15 MC t o  f 259 a t  90 Mc, with perhaps 
double these uncer ta int ies  near interferences.  By p lo t t ing  the  ampli- 
tude versus distance a t  f ixed times on semi-log paper ( ~ i g .  4.17) we 
see t h a t  except f o r  the  points a t  4 in .  t he  decay i s  very nearly 
exponential. The attenuation coeff ic ient  a i s  just the  reciprocal  
of the distance i n  which t h e  aslplitude decays by a factor  of - e , A s  
the  frequency i s  ra i sed  it i s  found t h a t  the  s p a t i a l  decay of the  wave 
i s  less closely approximated by an exponential so t h a t  a larger- uncer- 
t a i n t y  must be assigned t o  t h e  measured attenuation coeff ic ients .  
It should be  emphasized t h a t  the  determination of the  attenua- 
tZog fac tor  a from the  s p a t i a l  decay r a t e  does not depend on a 
knowledge of the  exci ta t ion coeff ic ients .  The calculation of these 
eoefffcients in Sectfon 2.6 was based on the assumption that the 
driving current was constant around the circumference of the loop. 
Since the  wavelength i n  the  plasma is usually smaller than o r  com- 
parable t o  the  loop diameter, t h i s  assumption i s  somewha$ suspect; it 
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seems wise not t o  r e l y  on it. 
Once the attenuation fac tor  has been determined, w e  may ask 
what plasma losses would account for  the measured attenuation.  
Referring t o  Section 2.3 we see t h a t  the  conductivity tensor and 
hence the attenuation i s  determined i f  i n  additiori t o  the s t a t i c  
magnetic f i e l d  Bo we know the  neutral  density pno, ion density p 
0 ' 
t he  ion-neutral co l l i s ion  frequency v , and the  temperature. Accord- 
ing t o  the  estimate discussed following equation 2.12, the  ion-neutral 
co l l i s ion  frequency i s  well  below even the  lowest wave frequency 
studied; we therefore expect the  temperature (via the  electron-ion 
col l is ions)  t o  have the  strongest  e f f ec t  on the attenuation.  Accord- 
- 
ingly, w e  assume the  t o t a l  density (ions plus neutrals)  t o  be constant 
and equal t o  the  value corresponding t o  loo$ ionization of the  neut ra l  
gas, and compute t he  ion-neutral co l l i s ion  frequency from v = nicrVnt 
with mnt = 6 x 10-15m3/sec estimated (4) t o  be a reasonable value. 
Then taking fo r  the  ion density the  value computed from the  phase s h i f t  
we f ind  (by t r i a l  and e r ro r  on a d i g i t a l  computer) the  temperature 
which yields  the  observed attenuation factor .  Temperatures computed 
i n  t h i s  fashion a re  displayed, together with the spectroscopic tem- 
perature measurements, i n  Fig. 4.18 ( the  e r ror  bars  on the  wave 
measurements include the  uncertainty resul t ing from varying crv 
n t  
from 3 t o  9 x l ~ - ~ ~ m ~ / s e c ) .  The wave data here corresponds t o  density 
measurements represented by the  so l id  curves i n  Fig. 4.14', obtained 
- - 
4 ~ . ~ .  Dalgarno, HIT. Yadav, Proc. Phys. Soc. (Iondon) 9, 173 (1953). 
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Fig. 4.18 Temperature Data from Wave and Spectroscopic 
Mehsurements 
before the influence of the loop current on the plasma density was 
discovered. Hence we should not expect the agreement between tem- 
perature measurements a t  d i f fe rent  frequencies t o  be very close. It 
must be noted, however, t ha t  the 15 Mc data was obtained i n  the low- 
current regime presumably corresponding t o  the  conditions under which 
the  spectroscopic measurements were made. Yet the temperatures 
inferred from the 15 Mc attenuation are  lower than those found spec- 
troscopically by a fac tor  of about two. The discrepancy may be' due 
t o  the f a c t  t ha t  we have ignored electron-neutral col l is ions i n  our 
analysis. I n  the regime covered by the wave measurements ( 1  t o  25$ 
ionization) these may well be more important than the electron-ion 
col l is ions included by taking the  temperature in to  account. 
A comparison which t e s t s  a l l  aspects of our' interpretat ion of 
the experimental r e su l t s  i s  shown in  Fig. 4.19. Here we have shown 
the  normalized s ignal  amplitude a s  a function of time. I n  addition 
t o  the experimental curve two theoret ical  curves are  displayed. To 
compute these the t o t a l  pa r t i c l e  density was assumed t o  be 
4.61 x 1021m-3, corresponding t o  loo$ ionization; the ion density w a s  
taken t o  be tha t  measured from the phase s h i f t  a t  the frequency for  
which the response i s  being calculated. Dissipation was talken in to  
account by assuming a value of 6 x 10-15m3/sec for  ov n t  and taking 
fo r  the temperature the  values computed from the attenuation r a t e  and 
shown i n  Fig. 4.18. Also shown is a curve i n  which a constant %em- 
4 o 
perature of 10 K was assumed. Dashed portions of the curves 
indicate regions where the  t e q e r a t u r e  or  density measurements were 
not available a t  the  frequency i n  question so tha t  spec t r~scopic  data 
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Fig. 4.19 Measured Amplitude Curves (8 in .  from loop) 
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o r  data taken a t  other frequencies had t o  be used. It should be 
remembered tha t  because of the  influence of the loop current on the  
ionization scheme, the  four se t s  of curves i n  Fig. 4.19 do not cor- 
respond t o  the same plasma conditions. 
I n  only one character is t ic  can the experirpental and theoret ical  
curves i n  Fig. 4.19 be said t o  be i n  quantitative agreement-the t i m e  - 
a t  which cutoff occurs as  evidenced by the f i n a l  rapid drop i n  signal 
amplitude. As has been pointed out, t h i s  time is primarily a function 
of the plasma density and not of the dissipative mechanisms. 
There is  clear ly no detailed agreement between the experi- 
mental and computed curves except near cutoff. However, the f ac t  t ha t  
the  amplitudes of the  curves computed from the measured temperature 
a r e  within a factor  of from two t o  f ive  of the experimental values 
indicates tha t  the  computed magnitude of the excitation coefficient 
as well a s  the decay r a t e  must be of the r ight  order of magnitude. A s  
pointed out previously, the  assumption of a uniform current distribu- 
t i on  i n  the  exciting loop made i n  the calculation coefficients is  
probably not Jus t i f ied  because the loop s ize i s  comparable t o  the 
wavelength. The disturbing ef fec t  of the loop i t s e l f  on the plasma 
is  another factor  which has been neglected. Hence the detai led 
e f fec t s  of interferences and reinforcements between modes cannot be 
predicted. The computed amplitude curves have enough qual i ta t ive 
s imi lar i ty  t o  the experimental ones t o  lend support t o  the  thes i s  tha t  
such interactions between modes do occur. 
V. SUMMARY AND CONCLUSIONS 
5.1 Evaluation of Results 
We have attempted t o  interpret  the character is t ics  of compres- 
s ional  wave propagation i n  the hydromagnetic waveguide in'terms of 
the most important parameters of the plasma--the ion density and the 
temperature--and t o  compare the resu l t s  with independent measurements 
of these parameters. Our most important conclusions a re  tha t  the 
phase s h i f t  and attenuation of the waves a re  re la t ive ly  easy t o  mea- 
sure a t  frequencies up t o  100 Mc; the behavior of these parameters i n  
a decaying plasma shows semi-quantitative agreement with the predic- 
t ions  of a simplified theory which assumes a uniform plasma and 
includes only electron-ion and ion-neutral collisions; and the agree- 
ment between the density determined from the wave measurements and 
that found spectroscopically i s  good enough t o  warrant the considera- 
t i o n  of employing the waves as  a diagnostic tool .  
The rather  simple relationship between the phase s h i f t  and the 
plasma density provided by the diss ipat ionless  theory is accurate and 
sensi t ive enough t o  detect a change of a factor  of four i n  the density; 
it was by t h i s  means tha t  it was found t h a t  the transmitter output 
affected our measurements. The r e su l t s  obtained a t  low loop currents 
indicate  that the phase-shift density measurement method is capable 
of accuracies of the order of 25qb over a wide range of plasma densities 
(note t h a t  the  data i n  Fig. 4.14 covers a range of almost two decades). 
I n  the  case of the  amplitude measurements it i s  not c lear  tha t  
the diss ipat ion mechanisms included i n  the theory provide more than an 
order-of-magnitude explanation of' the experimental resu l t s .  Because 
there i s  only a limited amount of spectroscopic data t o  compare with 
the resu l t s  of the wave measurements and the excitation coefficients 
of the higher modes have not been measured, it i s  not possible t o  
s t a t e  where the d i f f i cu l ty  l i e s .  The one feature of the measured 
amplitude versus time curves which i s  accurately reproduced by the 
computed curves--the time a t  which the amplitude drops sharply--is 
determined primarily by the  density and i s  l i t t l e  affected by the 
damping assumed. 
The spectroscopic measurements, although performed principally 
f o r  the purpose of affording an independent check on the r e su l t s  of 
the  wave measurements, yielded some information of co l l a t e ra l  i n t e re s t .  
The r ad ia l  density p ro f i l e  showed tha t  although the density i n  the 
core of the  plasma drops t o  60Q of the peak value, it is  s t i l l  consi- 
derably higher than had previously been reported. It was shown tha t  
the  explaiation f o r  t h i s  discrepancy does not l i e  i n  the extent of 
f i e l d  penetration in to  the electrode. The density and temperature a t  
a par t icular  radius a re  apparently not related by Saha's equation 
(assuming constant t o t a l  pa r t l c l e  density).  
5.2 Comments on the  Experimental Techniques 
Before discussing possible extensions of our work, it may be 
of in t e re s t  t o  discuss some improvements i n  techniques and apparatus 
which toad add t o  the  convenience and accuracy of the measuments.  
It is clear t h a t  some means for  eliminating the influence of 
the  loop current on the  plasma parameters should be provided. I f  
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reducing the  loop current i s  not always pract ical ,  switching the 
transmitter on only a f t e r  the plasma i s  formed i s  another possible 
remedy. This problem, of course, i s  related t o  the  part icular  ioni- 
zation method we used. 
The wide range of signal levels  encountered i n  making the 
spectroscopic measurements and i n  measuring the wave amplitude some- 
times make% it d i f f i c u l t  t o  f ind the bes t  oscilloscope gain set t ings.  
Logarithmic converters would eliminate t h i s  d i f f i cu l ty .  I n  the case 
of the photomultiplier outputs, it may be possible t o  use a junction 
diode i n  place of the load r e s i s to r  and make use of the f a c t  t ha t  fo r  
an idea l  diode the voltage across the diode i s  proportional t o  the  
logarithm of the current. 
To permit extending the spectroscopic measurements t o  lower 
densi t ies  it would be useful t o  increase the signal-to-noise r a t i o  of 
the  photomultipliers, perhaps by cooling the tubes or  increasing the 
transmission efficiency of the l igh t  pipes. 
It has been found t h a t  it is  sometimes d i f f i c u l t  t o  detect a 
reversal  i n  the  slope of a phase decay curve i f  it takes place near a 
time where the  phase detector output i s  a t  e i ther  a maximum or a 
minimum. One way t o  remove t h i s  d i f f i cu l ty  would be t o  add a quadra- 
tu re  channel t o  the phase detector, with a reference signal shif ted in  
0 phase by 90 . Then both cos @ and s i n  fl would be available. A 
be t t e r  method might be t o  use a type of phase detector which gives 
some other function of @ as i t s  output. One method which has been 
used (1) is  t o  follow the l imiter  with a discriminator whose output i s  
proportional t o  d$/dt . This may be integrated t o  yield $ i t s e l f .  
This system, however, must be calibrated by means of a s ignal  with 
known phase modulation; a lso it responds only t o  rapid variations i n  
phase. 
5.3 Suggestions f o r  Further Work 
I n  considering fur ther  work related t o  the subject of t h i s  
investigation one should consider the resu l t s  of work by others, a l l  
of which tend t o  show tha t  the explanation of hydromagnetic waveguide 
propagation by means of the  f l u i d  equations is  essent ial ly  correct. 
It should also be kept i n  mind tha t  significant advances m y  require 
substant ial  increases i n  e i the r  the experimenter's control over and 
knowledge of the plasma parameters, o r  i n  the complexity of the theory 
o r  both. The following three areas would seem t o  of fer  the best  hope 
for  useful resu l t s .  
(a)  The use of compressional wave phase s h i f t  measurements as  
a t o o l  fo r  measuring plasma densi t ies  would be made more prac t ica l  i f  
several theoret ical  and experimental problems were solved. For 
example, one would l i k e  t o  know more clearly what ranges of plasma 
parameters are  permissible fo r  such measurements t o  be useful, how t o  
in te rpre t  properly phase s h i f t  measurements made a t  a single distance, 
and whether excitation and detection schemes which do not require 
devices inserted in to  the plasma are  possible. 
W .P . Ernst, Princeton University Plasma Physics Laboratory Report, 
MATT-273 ( ~ u n e  1964) . 
(b) A be t te r  account of the damping of the  waves may be pos- 
s ib le .  Refdnements i n  the theory (such a s  the  inclusion of electron- 
neutral  collisions) or  i n  the experiment (such a s  the use of a plasma 
with more accurately known properties) may be necessary. 
(c)  Some of the  experimenhl techniques used here may be 
sui table  f o r  measurements i n  other s i tuat ions.  I n  par t icular  the  
interferometric method, while certainly not new, does not seem t o  be 
widely used a t  frequencies below the microwave region. It may be 
useful i n  any problem involving constant or  time-varying phase s h i f t s  
between signals with frequencies below 30 Mc or  which can be hetero- 
dyned t o  t h a t  region. 
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Experimental Study of Compressional Hydromagnetic Waves 
I). G .  SWANSOK, R. W. COULD, AND R. H. HERTEL 
Cali/ornm Insliluta o j  Technology, Paeadena, California 
(Received 5 August 1963) 
At1 experiment is described in which a cornpreseional hydromagnetic wave is obrrved in a hydnc 
Ken plasma-filied waveguide. The theory of a cool, partially ionieed, resistive plnama in a magnetic 
field is described briefly and expresaions are derived for the dipemion relation and tranefer function 
which include both the propagation and atteuuation constants aa a function of frequenry. Meadure- 
mettte of the cutoff frequency are presented, which verify its linear dependence on the magnetic field, 
and they show good agreement with theory on the vcrriation with the ion mase density. The itnpulee 
reeponse of the plasrnlr is studied, transformed into the frequency domain, and qunntitative rom- 
pnrieona are made with the theoretical transfer function to determine the degree of ionization, thcb 
rcsirtivity, and the ion-ncutml collieion frequency. 
Itesultn indicate that the degree of ioni~ation variee over a range from 75% to 45';'~ when tlu 
initial density varies from 1.3 X 10" to 1.4 X 10s atoms/m'. The measured re~ietivity appears to 
increase with the magnetic field, with the mean vdue correeponding to a temperature of the order of 
5 X 10' "K. The werage value of the product of the charge exchange cross section nnd the nautrnl 
tllrrmal speed i~ found to be approximately (5.5 f 1.3) X 10-1' ma/ser. 
I. INTRODUCTION 
H YI)I~O.\IX(~SI~:TIC' waves, which \\.ere first tlesrril)t*tl I)y . \ I ~ Y c I ~ '  ill 1942, have been ob- 
served i t ~  recoc*t~t years in gaseous All 
of the ahove r~sperirnents have studied the \vavcx- 
gliiclc made whicah has a rcxsonancc a t  the ion cyclo- 
tron frc!cltieticy, whereas iKewromh5 and othersa ' 
havc shown that  two tlistinct modes will propagate 
i l l  a 1iydromagnc.tic wa~eguidt~.  One of these has 
n o  rcbsoriancct a t  thca ion cyclotro~l freclu1e11c.y 1)11t 
cloes havr a low freclue~icy cutoff. The experitiic.ntal 
obsc~r\.atiolr of this latter mode, which we call thc* 
c.omprcssional mode, was o~ily recently rrportctl 1)y 
IIooke rt al.," the authors.' and by d e p h ~ o t t . ' ~  This 
investigation is an extension of the work reported 
I)y t licb at~thors. 
In  this paper the theory of a three-fluid niodel 
for a cold plasma iii a magnetic field is first developed 
arid solutions for hydromagnetic waves in a plasma 
fillc.tl waveguide are ohtaincd. An experiment on 
thc. compressional hydromagnetic wave is then de- 
bcritwtl which uscs the geometry of Fig. 1 t o  t ~ s t .  
thc adequacy of the plasma model and to dekrtnitie 
-- - 
I H. Alfviln, Ark. Mat.. Astr. Fvsik 29B. 1 (1912). 
' T. K. Allen, W. H. Raker, R. V. P Ir. anti J. M. Wilcox, 
I'llvs. Rev. Letters 2. 383 (1959): J. d Wilcox, P. I. Bolt-y, 
and A. W. DeSilva, Phys. ~ l u i d s  3. 15 (1960). 
a 1). F. Jephcott, Sature 183, 1652 (19%). 
T. H. Sttx, Phys. Rev. 106, 1146 (1957). 
' W. A. Xewcomb, Magnelohydrodynamtcn (Stanford 17ni- 
vc.rsity Press, Stanford, California, 1957), p. 101). 
a R. Cajewski, Phym. Fluids 2, 633 (1959). 
I,. C. Woods, J. Flu~d Mcrh. 13, 570 (19W2). 
8 W. M. Hooke, M. A. Hothmnn, P. Avivi, un11 J. hclam, 
Phy.. Fluids 5, 864 (1962). 
' I). C .  Swanson and R. W. Could, Bull. Am. 1'11ys. Sor. 8, 
152 (IQGB). 
lo I). F. .Jrphcott, Bull. Am. I'hys. So?. 8. 152 (1!,63). 
Ftc;. 1. Srhrmatic diagram of esperimrtltal apparntur 
the plasma parameters. In the cxpc.rin~ent we havc 
developed a pulse technique which enables us to  
measure the dispersion relation from I)elow cutoff 
to  above the ion cyclotron frecluency on a >itiglts 
shot, so uncertaitities due to  rlollreproducibility havc. 
been avoided. This techniclue it~volvrs ronlp~tting 
tlie 1;ourier transform of the rt~sponsc* to an inlp~~lsr. 
excitation, and cornparing the transform with n 
theoretical transfer function. Cur\-e fitting is 11>c*t1 
in the comparison to determirte the degrt-r of io~tiza- 
tion, the resistivity, ant1 the ion-nertfral c.ollisiorl 
frequency. 
'11. PLASMA MODEL 
For a moti<,l of the plasma in a plasnia fillrtl 
wavcngt~itle wt. c.onsidrr a (bolt1 thrcv-flriiti pla>nlu. 
which is ~uiiform, neutral, axially nlagnc.tizc.d, and 
composed of rlcetn~rls, singly cliargctl ions, anti 
neutral atoms which intcmrt with c,ach otllcxr by 
elc.rtron-ion and ion-11c.1ttral collisiotts, \Vr tic.glt~t 
the I)rcsslirc. or thermal efTcc~ts incc wc aL-..utlie tttat 
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p, = Ba/2ro >> nkT, or that the Alfvbn speed then q corresponds to the resistivity as given by 
is much greater than the sound speed. We coneider ~ ~ i t z e r . "  Using these expressions along with 
only small pertuibations from the steady state and 
assume e"' time dependence so that we may use J = ~ ( v i  - 0.1, (6) 
the linearized second moments of the Boltamenn we may solve the coupled equations for J in terms 
equations with the time derivatives replaced by iw. of E, and if we assume Bo is in the s direction, the 
Hence we may write result may be summarized by writing an effective 
iwnimiv, ==nie(E + vl xB0) + P" + pi', (lb) 
where the subscripts and superecripta el i, and n 
refer to electrons, ions, and neutrals respectively, 
and the Pi' represent the momentum per unit 
volume per second transferred from the jth to the 
ith species of the plasma due to collisions. 
To obtain an expression for Pi, we assume that 
the charge-exchange cross section is dominant for 
ion-neutral momentum transfer, and that the neu- 
trals arc? comprised principally of atoms. A charge 
exchange collision is effectively head-on, since little 
momentum is actually exchanged, in which case the 
momentum gained by a neutral atom per collision 
is very nearly rn,(v, - v,), since mi ," m,. Pi is 
then given by the product of this term and the 
neutral particle density times the collision frequency 
v of a neutral with any ion. Hence we have 
Pni = n.%(v, - vJv. (2) 
IJsing Eqs. (2) and jlc) we may solve for v. in 
terms of vi and then use this result again in (2) to 
obtain an expression for P"' in terms of v,. Since 
Pii  = -PHI we may use this result in Eq. (lb), 
where, if we let m,, = mi, we may write the result 
in the form 
This result may be interpreted as the equation of 
motion for a pseud+ioa with mass r, where 
If we consider the I' term to be proportional 
to the difference in average velocities of the ions 
and electrons, or to the current, and define the 
constant of proportionality by (where n, = n. = n) 
conductivity tensor d 
where 
0, = 
a: + q ( ~ : ~  - a:a) m) ' 
a - 0: 
= - 1 + 270: + qP(u:' - 0:) ' 
08 = 4/(1 + ~ ~ 3 9  
0: = (w: + Q@%/&I 
0: = ne'/m.eo, Qi = ne'/rce, 
U. = eBo/me, Q, = eB,lr. 
We note that the effective conductivity tensor d 
reduces to the d' tensor when q 4 0, and that this 
tensor becomes the ordinary cold collisionless, two- 
fluid conductivity when v + 0 so that the pseudo- 
ion maea r reduces to the ordinary ion mass m,. 
We now wish to incorporate the current J in the 
Maxwell's equation such that 
V x H  = J + &eoE =- &.E, (11) 
so we have 
i w e = d + & l ,  (12) 
and the effective dielectric tensor so defined con- 
tains all of the information about the plasma. Equa- 
tion (11) is now to be solved along with 
V X E  = -h&, (13) 
with the conducting cylindrical waveguide boundary 
condition. 
18 L. Bpitrsr Jr PA+ o FuUy ImM k (Inbr- 
mcienca Pubudn i&., New d r k ,  1967), p. 3. 
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111. DERIVATION OF DISPERSIOFJ RELATION parelltheses may be considered as the squarc of a 
\Vc rcst.rict ot~rselves to eircuIarIp symmetric tmnsvem wave number Ts so 'Ie have 
modes in the solution of Eqs. (11) and (I:$), although Ta = wp,,/(a - k b )  (19) 
the general solution to thcse equations has been 
and we write the quadratic cquation implicd above 
obtained." W'e may assume the fields to vary as in terms of T1 instead of a with the result 
e""-"' since we are interested in propagation down 
the waveguide. Equations (11) and (13) may now 
be used to solve for the transverse components of (T: - Y~)[T: - v: + 
the wave fields in terms of the longitudinal com- 
ponents and their derivatives, and finally a pair of 
coupled eql~ations for Hz and &, niay bc tleriwd ?'he solution y: - y: = 0 corresponds to the - 
which are trivial solution 60 = 0, and we will not consider 
b a i t  further. The other factor yields the dispersion 5 (r %) + i ~ f i , , ~ ~ ~  + - r - r ( r - = relation for the hydromagnetic waves, although T' 
b 9 must be determined from Eq. (20) along with the 
- jwt,l:', + -- ( ,.L ) = 0 (14, boundary conditions. We note that %. (20) is 
quadratic in T2 SO that therc are two values of 1" 
whrr11 for each value of y l. 
To construct the solutions of the diffemitial 
--WfidYl ,,= -72  a = - -  7; - y; ' equations we observe that solut.ions of Eqs. (18a, b), 7; - 7; ' (1 5) which arc r~gular on the axis, are 
+ wt.72 
(. WCIL--- 61(r) = A Jo(Tlr), (? I a) y; - y: ' 
arrcI = sAJo(T2r). (2 1 b) 
y l  = kz - w2po~,, y2 = w2pot2. We 11ow utsc thcsc to co11str1a.t the axial tieltl 1.x- 
pressions 
'l'o find a solution of these coupled equations we 
assume tbhat H, = '$ and R, = a+ where a is a HSr, z, t) = A [J,,(T,r) + TJ,(T~~)]~""'-'" , (22a) 
(sonstant. thus obtaining E,(r, z ,  t) = A[CX~.J~(?'~~) + a2rJo(T2r)]e""-'" , (2'21)) 
(in + ah) f & (r  2) + kp,& = 0, ( 1 ~ ~ )  whew 7 is dctrr~nincd by the boundary condition 
and A is an cxcitati~ll coefficient. 1'sing Eqs. (3'211, I)) 
1 a the expri~ssions for the othcr ficsltl components may 
- iws,a'$ = 0. ( 1  be derived. 
If wr now c-onsidt.r thcl plasnia to be containctl 
1:or o compatible, no~ltrivial solution the tletcrmi- a cylindriPal co,rdlrcting mavcgllidc of radills a 
11a11t of coefficients must vanish and this yields a that the tangential c,leetric fields vanish at, tllr 
cluadratic. eqt~ation for a. If we label the two ~0111- wall, tite ~or,rltlary corlditiorl E , ( ~ )  = 0 Icn(lu t o  
t ion7 o f  this quadratic cquation by a, ant1 a, wr havc 
11, = '$1 + 92, (1 Ta) f 1 
l?, = adl  + a&, (17b) + T : ) J , , ( T ~ )  = 0. (?:I) 
wllc,rc 6, +2 811, tllp sol~rt~io~~s f thr cliffcrontial 
t ~ t l r ~ i ~ t  iorts ancl it rnay be sIio\\n thnt the Iwll~~tlury contlition ISs(a) = O lracls to ( ) + (  0 .  (18~4 J 1 1 n ) / 7 ' l  + = 0. (24) 
r ar ln + a,b 
I'limin:iti~rg 7 frorn lhc sl)r~\-c. c*cl~r:rtio~). \\I. ~ l l ~ t n i t l  
( ) + ( - =  r. 8r zn + a 2 b  (1%) 
(yl + Wz 61 + T ~ ) T ~ . ~ , , ( T , ~ ) . I ~ ( T ~ ~ ) ,  
\!'I, IIOW o t ) s c r ~ ~  that thr 1111antity in the right 
-
15 A. G .  I,ipl,prman, 1% 1). 'l'hrsir, Calift>rtlirr Tn~titlltr of = ( y l f ~ + ~ ~ ) ~ . ~ . . ( ~ l ) . ~ l ( ~ l ~ l ~ .  12:) 
' r t ~ ( ~ t l n , , l ~ ~ ~  ( 1964 ). CI 
\vhivlr. aloirg &th 1.11. (L'O), c.o~nl~lt.tt.ly tlt~~~rrtritrc~s 
a ~1.t of vul~t(~s for T , ,  T?,  at111 k,  and the s ~ t  (,harat'- 
tvrizcbs a sirrglr tmttlt. for a givt.11 frt.~l~~ort.y at111 scat 
of plasliia c.~~trtlitio~rs. 111 gt.trt.rul, tlrcbrt. t.xists at1 
ittfiltitr* st4 of ruotlc~s \vl~ic.l~ satisfi~s 1-:11$. ('20) UIIII 
(2.i) atrtl, itr fact, \vv t b s r r  distinguisti t\vo t1istinc.t 
I-lasses of n111r11.s. chncsh of uhic41 cotrtait~s utr ittfir~itt' 
rtrrniI)c.r of n~otl~*s. 111 tlrc. niagttc~tohpclroilytra~~ic: 
limit ( w  .<< R,) orrib of tlrt~sc~ t*lassos, 1v1tii.h wt: 1.:~11 
t.he c~on~prossic~rul tt~oJi's, mc4\' I)(* idct1tific.11 with 
t.hr TI< n~odrs of Se\vconll~,~ ~vhilt. thc* othcbr cslass 
of ~noclt.~, which \v(. call t,ltcb tolwiotral rnodtls (at111 
tlcsignatr wit11 primr~). nray 11c iclcntific.tl with his 
I'rincipal modes. 
l'lie grnt.ral stclatly stgate sol~rtiorr is t11c.n giv1.n 
I I ~  :I sttpc~rposition of all thew u~twli~s so wc! Ilavc~ for 
I f , ,  for c.samplr, 
IV. LIMITING CASES 
l'hc, solt~tiot~ of I<cls. (20) and ("5) has 11r.c.11 01)- 
tilit~ctl 1vit.11 at1 I H l I  7090 tligit,al cornj)rrtt.r l~hittg 
at1 itrratirc. prot~edr~re. In  order to find a start.ing 
poittt for this proc.cdrtrt*, \vc c o ~ ~ s i d ~ r  w << w. < W, 
:rntl nrplrc-t, tlampi~~g, it1 ahic.lt Paso it may 1~ slrowi 
that. t, ' E : ~  is d 1.111. ortlrr of (w, / i l , ) '  112,l>n~, whic.11, 
for fr(~tlrtc~~rcic~s of tho orc1t.r of ill(? ion cyclotron 
fn~clrtc~ttt*y. is of the. or~ler of nt./m,. If \vc 1rglt.c.1. 
trrrrrs of this order, the tlirpcrsio~~ relatbon 11c~c:olncs 
l'his c~sl~rt~ssiot~ is 11ot (~rla(lratic it1 T I L ,  M tlrcre is 
ot~ly otrt1 \-alrtr of T for c.ac.11 ~nodt.. I.:cll~ation ('7(i) 
also !ric.lcl.: ol = 0, so 6, = 0, and now the boltt~dary 
~~ondit~iorr yields from &(n) = 0 that J,(T,.a) = 0 
for Iwth c.lassrs of njodes, so that the T,, are given 
1)y Ta = 3.82, 7.01, etr. I t  may I)(. shown that, 
. T,,, in 1.11. (26) approaches zero as e , / e g  approach~~s 
z m ~ ,  so the trrm illrolving T, drops out of the field 
csprrssions. Thr clisprrsiot~ relation for the two 
(-lasses d moclrs is no\v givm frnn~ Rq. (27) I)y 
\vhrrc. the rlppcr sign is asn~c.iatc*d with tlic torsional 
modes. 
I t  may be shos~r,  011 thc other haltd, tliltt at  
very low frcqueneirs w << Q, << v., an appropriate 
approximation is to nrgleet 6,. This approximation 
tlrcot~plcs the differcv~tiai rrluations (18a, I*) so Ifo 
utrd K, niay 1x1 ~bxpr t>>~~~l  i t1  kr111* of Lz N I I ~ I I ~  I f .  
arrtl I& rnay 1x1 (~xI)R~*M~I~ ill k r t ~ ~ a  of II , ,  a t ~ d  )to\\ 
thm- anb scparatr. tlitfc~nvrtial t~tl~ratiotr. for E. 
ant1 11,. 
Tilt- tnodtss \vhit*lt I i av~~  the. axial clt.ctric. ficbl~l 
raay LII. i(k.ntified with tlic toruio~ral niodrs al>orc, 
I I I I ~  now thc l,ourlharY c.or~clitiott I<(a) = 0 lead- 
to J,(T;a) = 0, so the. 7'; valucbs for th~. ~ilodc 
arc differetrt from tl~clir ~ H I I I C S  a t  I~igl\(*r f ~'111~11cir.s. 
This niode is nc~arly disper~iotrlrss a t  low frecl~~ettcit~~, 
attd in terms of the warch t~iag~~etic tield, it c*orr*i>t- 
of lorsio~~al wvavcs (sil~c.~ only Ila # 0) Irctic~c olu. 
designation as torsional niodes. All of tl~cast* tt~odt- 
travcl rsser~tially a t  the Alfrdt~ speed. 
l'he other rnodes ]nay bcl idrtrtifit~d \\ ith t.lto-c. 
charat-trized by the 101vc.r sigu in 1'11. (B8) al~o\v. 
and the boundary c.o~iditioti It.adh to .I ,('1',,,(1) = 0 
again, so the T,,, valr~es arc. rtnc.hangc~tl at Io\v frv- 
clrtr~rc*ies. The tlispcr<iot~ rc.lation for t l i ~ w ~  n~otI(~- 
:tftt*r ttc*glcc.tirrg krtirs of ordrr w $1, is 
\\liicli ih analogo~~+ to otditri1ry \vavt~g~ritIt~ 1)ropag:i- 
tiorr exc.c.pt that the c.11aractc.rihtic. rc~lca.ity ix thcl 
AlfvPtt velocity. These n1odt.s rxttil~it tl~c, 1.11arac.- 
tc~ristic \vavcbgltidc rrttoff phcnon~ot~a, atrd fro111 cclrra- 
tion (29) \re find thc. carltoff frcclt~ettc.y to 11c. givc'r~ 11y 
n rc~srtlt wltic.11 dtws t~o t  dt.pc*t~cl on Lhc. fact that 
w << L2,. Sinre thcsc. 111odc.s ha\ tb  a cornpot~cr~t of  
the wave ~nagt~etic. ficlti irr the* clinv-tion of tht~ 
static magnetic fieltl, tht. static ficlcl littcb are 
altrrrratcly t.otnpwssd and cspartdrcl, 1r1.11cc \vr I~avcb 
designated them rnntprrssional l~todes ant1 the esperi- 
nlct~t is restricted to these modes only. 
I t  sho~ild be not4.d that the clitol'f j)l~rt~oulcrt:~ 
may l)e thought of as bring t l ~ ~ c  to 1vavc.s whir11 
travel in all dirrctious antl whir11 rc,flt.ct from thc- 
walls according to the bout~tlary condition. .\t the 
cutoff frcquenry the wares travel only perprlitlirrilar 
to tho magnetic field atrcl the wave oscillatc.~ 111 
phase do~vli the entire aa\.c.guide. Thc wavr 11 hirli 
propagates acsross thc field is often c+allrd a nlagnrto- 
acoustir wave, but it is here a spcc.isl cLaqt. of  roni- 
ptrssioltal wave propagatiot~. 
In order to illr~strate t>l~c c8sat.t I~t~lrarior of t l i ~ .  
'I' values, I:ig. 2 sho\vs the. csat-t solutiot~ f t~r  t l t c  
lowest torsional modr, \\-hcrr the c+hat~gcs of 7',n 
from 2.40.5 to 3.8:YJ is apparetlt, while Fig. :i -ho~\-  
the drviat.ioti o f  T,a fronl 3.832 for t l ~ c  lo\vcx>t cotn- 
presbional rnotle. 
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V. IMPULSB RESPONSE FOR LOOP BXCITATIOIQ +- 1-1----1 
C&ng orthogonality relations which have been 
determined hy A. O .  Lieberma~~," the excitation 
coefficient for a coaxial c~rrrent loop of radius b 
in a wavqgt~ide of radius a (wvheru we have considerect 
A, only, since it may he P ~ O W I I  that A: b  mall 
for loop excitatios) is giver1 1)y 
(31) 
ahcn! tltc c tv~b t~ t  I =: I,,cdo' a ~ ~ d  tlit! script notati011 
denotes the ficld cxprcrrsioas without any cxcitatio~~ 
coefficir~~t. With tile oxc.itation cocfficic~~t al)ovc, thc 
steady ntatr lcspoew is t l ~ c  1:oltricr traltsf(#n~ of 
the rcl;l)onrrc to all irnpt~lpr, I = Ill b(1) willcc thc 
traltrfornl of I is I n .  'l'hcrof~rm the impuhc rcupo~tw 
of the systFn1 is ~ i v e a  by tllc i ~ ~ v c r w  Vo~~rier trans- 
form of ill(% xtcacly rlutts nnl;ponsta, or 
VI. APPARATUS A I D  PLASMA PREPARATION 
The! I~exic goomctry of tltc apparatt~w i s  wirniltir 
to that of IVilcos, 1.1 nl.,' and 1~ srl~rmatic~ dingran1 
is sho\vtr ill IGg. 1. T l ~ c  \vavrgi~itlo and elcc.troelc 
a.c!rc 304 ~tai~llcsa skvl a11t1 tho cat111 plates \wri\ 
Pyrex. Alurni~~a prohl hh~aths ant1 a 1)yrc.s c~nc-ascvl 
circ~~lar loop \vc*w ~tscbtl. T l ~ c  n~agnt~tic- litlld \vnr 
~)ulljod, tilt. t*~lrrc*nt rising to its ~ I ~ S ~ I I I I I ~ I  ill nlbol11 
0.7 Inscc., so thc ficlcl \vu* within I r ;  of itr ~ i ~ a ~ i n ~ u n l  
,lie rc,spsporlst, all clrivillg c,llrn,llt wc va111c for 0vt.r 100 ~cscc.. A I~lrnp*tl t.olrritu~lt eI(.l:~.v 
.imply rc.plni,c, I,, ill (:o) lPy ,hr, l:olrrier tmllrr~r,n l i ~ ~ c  plutlllcc.tl a 1 ..i X 104 11, 10- 15 rxbc rli?;c.h:trgt~ 
of the c.11rrr11t I ( u ) .  la.t\vec.tl thc clt~ctrotlo ant1 tfrc t t ~ l ) c a  ~ v u l l  \ \ l ~ i c . l r  
tlrovc at1 iollizit~g wa\,cI3 aIo11g tht* t111)c :lt. albout 
T, cam 'prcc.. Thc hatkgror~ncl yrcesnrc, in the vnc.luln1 
sysh8111 svah about 2 X 10-'' Torr, to 1v11ic.h n sttitic. 
a1mosphc.r~ of hydrugc~~ i r  the. raugih O.O','-f).?.i 'I'orr 
\I ax admiltetl just tcfort* tht. pla~nla prtblbamt i c  111. 
Thr pln?*tna \vhic.h is fornrt.tl I)y thr ioniring I\:I\.I~ 
'2) is known to be somc>\vhat turlrt~lcnt ancl ~ lo~ l~~~l i fo rm,  
having a corc which is c*oolcr t l r a ~ ~  ar111111nl. 
region. 'I'llcb radial allel lot~gitttdinal tliffusiorl tinic'h 
z 40s shol~ld Iw: 100  we: or grr1atc.r so that the plasnin i.: I , , 1 ) r11jik skatly e111ri11g t11c \~a\~e> ~spc~r in~ t~~~t ,  1vI1ic*11 
Zo w 100 n, 
u x lo-' nt:ver lasts nlorc. thau 2 pwc. 
Thc wave is esrited Iby a t,tusial lool) wit11 a 
critically damped RJX circuit supplying a t .~~rrt~j~L 
pt~lsc al~otrt 40 I I W ~  in duration. The looll ratlilt. 
was C ~ ~ R C I ~  so as to nlirrimizc thc rxcitatio~t of thv 
wcond circularly symnletric mod(., but :a11 ot1it.r 
-0.4 n~otlch arc rxri t~d.  
I I I I  The, signals \vcrc tlc-tt.c.lt.cl I I ~  I 0-t11r11 I I I ~ ~ I I ~ ~ ~  i c +  
- v ' J prolas and \ven. paswtl tllror1g11 lii~li pa's liltc.rs laforr et~trring thc* tlr~al Iw-am ewrillnvc~yn~ to c*lin~- 
- 0.0 _ - _ - _. . -_!  I-, nc ,, inatc ])ickrq~ fro111 thc slo\vly c*l~r)~~g.i~ig I I I I I ~ . I I ~ > ~ ~ ~ .  
'O .,-<a * 
Flci. 2. (:I) llr (1.,'n) vr o fur Ie>rc.*t t~rrional nlorkt-. ( I ) )  Is H'. IS. litinkt'l tultl It. .\. (ircwr, "livdrnm:~p~~c~ti~~ I I I~I IZ-  
Irn (l','a) vr w for lowcat t~ ra i~~n : r l  menic-. (Bo - 1.17W/m2. ing !V:~VUP," I.:~rwnw Itttcii~~iic~n i.:~l~t>r:itorv ltcsport lv( ' l<i.  
II n o  = 6.61 X I@ nl-8. 9 = 5 X 1 0 - 4  R In, n = (i.75 rm). !MI? ( l ! M \ 1 \  
VII. EXPERIMENTAL RESULTS CUTOFF 
FREQUENCY ANALYSIS 
at whir11 t h ~  \\avcb \\.ill ])r~~l)agati~ is the c*i~toH' 
frccluc.ncy w,,, givcv~ by i4:q. (:<O), aticl the group 
vclcwit? appmhc*r  scbro trcsr tliis frrcluc~lc.y. Tht* 
grolll) vc4ority for Ilighrr frc*cl~tc.tlc.ic~s i  always 
higlicr. so tllr last ~ ~ ( I I I ~ ~ I I I * ~  to appcnar at, thc. ,nag- 
net ic. prol)r due: to all i~nprllw c.sc.itatio11 is I II(- cutoff 
frcclucrtry. l'hi* frc.clrlr~le.y ralr clasily he mrasllrc.tl 
approxitnatc.ly fro111 the phol4yr;raphb of tho rc.c.c.ivc*tI 
sigllals, and sillre* ;L is proportiorlal to the .\lf:.k~ 
spwi, \ve ran sttidy tht. ~ ( ~ C I I ( I C I H ~ I ,  this i~ua~rtity 
upon tnagnrtic fit-ltl alttl (k11i~it.v. .\lt~wllril~g thc~ 
c-rltoff frcqucnc-y irt this t~~arrrrrr ir trocIrlc.cn a sn~all 
systematic carror, I~ .c .a~~sr  tlrca damping pnsvc.t~ts tllc 
lncastlrenirl~t from lwitlg niaclcb a t  vcry late tinlrs, 
that1 U I ~ .  ac.t~tal frcel~~c~tic~y. For ,vtrrlr of tnorc, tlrtll~ 
I2.i ~,ic*t~tn~.s, thr last olw~rval)l~- fn.clr~c.t~c.y was 
tnc~as~~rrd, grncbrally 11y takitrg at1 .z\.clmgc* t ) f  the. 
lart tllnr* or four half c.yc.lc!s. 
. 1 . ltt. rrsults of this 11ura11ic~tc.r rt t111y :rr(* >11o\\ 11 i ~ t  
Icigs. -I uncl 5.  l'igtin* -I shows 1111. dc.l~c.rl~lc.r~cc. ol d,. 
I I ~ ) I I  the itiitial clelisity for ~.vi.rnl yulu~r of tlrc.  
tnagmSt ic field. N, Iirrc n~pnlnr ts  tlic* awritllrtccl tot:tl 
particle dthllbity incl~ldi~lg iollv alul atollis ~ l l d  ir 
tlrducc*d fro111 t l ~ r  gauge prcssltn. 11rfore the* tli.- 
c.hargr. Si~lc*r th(1 io~lizi~~g \vavc Itlay drivc* rolllcb c ~ r '  
tlic origi~ial gas to tltcl rntl of tllc. tt~l)c*. tltis I I I Z I ~  
itrtrothlc*c- a ~yste~l~iatic. chrror in  oltr 1-stilnatc. of t11e. 
clc~gwc. of iurlization a~rtl of tllc- ion ncwtcrl CIII- 
\\'(a also trotc. that 1111. (d)~'rv(vf (.lltoff fn-~~~lc.ltt.i(-- 
arc. all al)ovcb tllc. v:lltv*s \vliic.lt \\.oIII~I c.orn*rl~t~t~tl 14, 
1 0 f ;  io~liratic~tt, \ \ I I I ( ~ ~  \ \ I*  l t~tc~q)r~*t 11:. I I I ~ * ; I I I ~ I I ~  
that tlrc pla~nia ir 11ot fully iotrizc~tl. I t r  1at.t. \\tth 
this it~trrprrtatiolt, the data of I.'ig. -I ilrdic.atc~- tlr:i\ 
tire. pc.rc.cnt io~~iaatiotl varicbr -n~trotllly fro111 :11)ot1t 
- - 
r .)','; f Sr;  a t  the. lo\vc*sl illit iul th~tirit ic-.i to 1.;' ; 
:I(,; a t  thc. higlirrt dct~>ltie.h i~lcli(.atc~I. 
\Vith thc sanicb i~rtrq>rt~tatiolr, t hr tliita of I 'tg > 
may Iw t.akrt~ to indic-ate that- t1it.r~ is tho .;yslc~tiratic- 
:.ariatGioil of thr de-gree of icrlizstion with t~~;~gt~c,tic. 
licld. If t#hcnb \wn: sotpc fiystt*rnatic. varht ion of 1111. 
4.8- 
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expect a straight line through the origin to be s 
poor fit to the dsb. However, a feast squares 
analysis of the data shown, s iow with other dsts 
st different densities, indicates that the lines do 
extrspolate very closely to the origin. Hence, we 
find no evideace uf a syskmatic variation of the 
percentaae iotrization with the snp~anetic field. 
The most critical tebt of the adequacy of the 
plasma model involves the study of the dispersion 
relation for the eompre~qioml wave over the entire 
range of frequencies from belon? cutoff np to the 
vici~iity of the ion ryclotron frequency. Since the 
plasma conditiolrs are not highly rrproducible from 
#hot to shot, we have obtained the transfer function 
of the plas51a for single &hots by Fourier analysis 
of thr irnpulsr rc.spon.+. W!';F. dpfinp the transfer 
fu~ictio~l O(W, e) as the ratio of the Fourier transform 
of the axial magnetic field at r = O to the transform 
of the loop current 
1:ront ICq. (32), (r'(w, z) is given by 
1 G(w, z )  = - A,(L 3- ~,,.)e-'"~'. 134) 
f(w1 rn 
111 thc arialpsis of the data the va.al\lrs of h' = 8' - in' 
arc rvaluatcd on an IBJi 7090 digital romputer 
fro111 osrillogran~~ of the rrceirrd attd driving sig~ials 
nntl compareti with theorcticsal val ties computed 
fro111 T<q.  (39). An cxarnplts of the oscillue;rarns is 
$lto~\-~l irt Fig. 6, nherc. t b ~  irnplt1.w is shown in the 
uppclr trace frrto~r~hpcl t~cc.artse of Ettinttlc 
r(~fercrrc*c* arid thrh rrbc.eived sianal is shoxvn 
ss) for 
I)C~OTV. 
&I<; 6. A t tpi~:*iph ~ < S K ~ ; ~ J J I I  t I ~ I I  t i t  t i  
signal The ufipcr tram ~h thr t ~ r r u  I I P ~ I L : I ~  V ~ ,  
of the drivina current us tl~~aburt-tl I\ I! 11 :I 
magnetic prohe, and is displajt4 , f$~r  I lrlllr1e 
reference (srbitrrrry amplitude i I lice lc~srrr 
waveform L the aignal rccrivrti frc,lil . 111 Ir- 
n ~ t i r  prrrbe which measures the  t i t r t c  .rtc rzrr I- 
t i v ~  n i  the axial rrtmponrnt rnF t l r r  i r  l r t  
magnetic ficlld on :i.i;s, 20 cm fnrnt tltc r l r n  rrlg 
loop. The vi.rtira1 wn~itivity fcrr I he I I , ~  I r
wavrform i~ 20 I:lrcpn.c rliv 'I'll1 ! I I ~ ~ I / I I I I ~ : I ~  
8 ~ 1 1 1 ~  is 0.2 p w c  kirv. 
Frc. 7. Frequency vs transfer function effective l~rol#*f!t~ti~~n 
constant 3t P = 0 2032 nl. 
Over twenty such pictures coveritlg a wriety vf 
magnetic fields and initial delisitics haw tx*c111 
analyzed in detail. 
The transfer function (phasr an11 amglitutic~) trf 
the signal shown in Fig. 6, cnrnplitctl a5 de'wril~cd 
above, is shown in Figs. 7 arrd X as atr rsarnplr~ of 
the type of informati011 s hirh ntay I J ~  ctxtrnc tcrl 
from such an osc4llograrn. Alro i~tr~ludcd in l igs. 7 
and 8 are the ''fwht fitJt throrc.tic.al t raiisf(~r frnrc~tion 
phase arid arnplitudr curves whivh werr drtr.rrriirrrtl 
by a curve fitting prt~cedurc dcwritwd Iwlow. 
It1 the curve fitting proccdr~rc, tlir valiicq t ~ f  the. 
magnrtic field (raliljrated to 251, thc~ initial tlvtrsify 
(JfcLeod gauge rslibratcd), and the cl ir~lc~r~~orr~ of 
the system wrre asvunrrd to I)c krrvu tr i.-\:sc t Is, 
but the rc8sistivity q ,  the ion-~reutral colli.ic~t~ f r t ~ -  
quertcy v, and thr percent iotrizatioli y wrrc ttrt.atr.d 
as disposal~le pararnrkr+ 'The thrr~b di-j,o.:ll t l c b  
~arametcrs were selected PO as to miriinlirr. a 
weighted ayerage error, coaiprltccl fron~ tllr, t l i f -  
ferencps het~vccn t,heorr*tit*al id  esl~r~rirnc~~~tal c.llr\-c..: 
a t  ahout ten frcqrrrrrric~s arttl wright<d arc.ol.tli~tg to 
our estimat4.s of the prok~al,lr rrror. i t t  thr t a x l r c ~ i -  
rncrttal ct1rvr.s ~ t t  ho-(, poitrts. 'l'hi. loc.atior1 elf the* 
miriimum wab drtrrmirrcd to a fe~v'pc*rc(-rlt. 1)11t t t t i -  
tlws not a t  all griararrt~r tliv I~rst f i t  \ : ~ I I I ( -  :&res :it.- 
rurutr* to that tc~lcrancc~. 
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XPECTED LOCATION 
I r n l l r o  M o w  WIN 
ECTED LOCATION 
ECWO MODC MIN. 
a'Z (where Z.0 2032m) 
IGa. 8. Frecl~~rnry vs trnnder function effective attenuation 
constant. 
Scvc~ral c-l~aracteristic features of the experimental 
transfer functions arc apparent in the example 
sliown. We obsenfc that the shape of the phase 
curvc generally fits the theoretical curve very well 
except near and below cutoff and a t  high frequencies 
whcm the amplitude is very small. In many cases 
the fit was even better than in the example shown. 
I t  is apparent that the experimentil and theo- 
retical amplitude curves do not fit quite as we11 
as the phasc curves, although the general features 
match well. Since the resistivity and the ion-neutral 
collision frequency are primarily determined from 
the amplitude curve, we may expect the errors to 
be somewhat larger in the determination of these 
quantities than for the degree of ionization which is 
primarily determined from the phase curve. One 
feature of the experimental amplitude curves is that 
there appears to be more evidence of higher modes 
than in the theoretical amplitude c m m .  We note 
ho. 9. Time waveform derived t b t i e d l y  from "beat 
fit" parmetem (compare with Fig. 6). The horirontd and 
mrt~EJ amlea haw been d i d  to agree with I%. 6, and 
the anow deador, the rtart of the p&B. 
that evidence of the second mode appears even 
though wei designed the excitation loop to excite 
none of thmt mode. This may be due to the radial 
n o n u n i f d t y  of the p b ,  which can be expected 
to atfeet the excitation coefficients more than the 
propagation characteristics. 
There in aome evidence that the values obteit~cd 
for 9 and/or q are too high. If the inverse Fourier 
f m d o n n  of the beat fit tnrnder functior~ is fake11 
to produce s t h e  function, the amplitude of the 
theoretical signal is systematically lower than that 
of the experimental eignal, and the envelope indi- 
cates a higher damping rate. Tho time function 
derived from the best fit o w e s  of Fb. 7 and 8 
is shown in Fig. 9 where thew feeturee may be seen 
from eomparisorl with Fig. 6. I t  appears that if the 
curve fitting had been done in the time domain 
instead of the frequency domain, somewhat smaller 
values might have been obhined for q and v. Sincc 
the phase agreement is quite aa%i~factoty I\-c rxpcct 
the determination of the degree of ionization to be 
 PO^. 
- 
Eve11 though then, may be some systeniatic crrora 
in the determination of 7 and 9, wvc expect that 
trends should be apparent. The only one which 
was clearly observed was that the resistivity ap- 
peared to increase with the magnetic field. This 
trend is shown in Fig. 10 wherc the error hars arc 
intended to show our estimate of the relative prob- 
able errors and indicate the hnge over which 7 
must be varied to double the weighted average error. 
A possible explanation of the variation of the rc- 
sistivity with magnetic field is offered below. 
In general the degree of ionization determinations 
showed the least uncertainties. Typically a 5% 
change in 7 would double the weighted average error. 
The value of -y determined by curve fitting was 
6% f 12% higher than that computed from the 
Fro. 10. "Bert fit" value of redativity va magnetic field 
a t m e .  
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measured CUM frequency m both methods are 
believed to be coneistent and give dthm good 
estimates of the average ion density, although no 
independent measurements have been made. 
There was considerable scatter in the value of 
the ion-neutral eollion frequency determined from 
curve fitting, and %he uncertainties indicated a vatia- 
tion of v by a factor of two would only double the 
weighted average error. No eyetematic trends were 
apparent, BO we Bimply averaged the quantity (m,) 
where v is the ion-neutral cross section and v, is 
the neutral thermal speed, and we have assumed 
Y P V~(QV.). (35) Ra. 11. Radial amplitude variation. 
The result is that (vv.) = (5.5 f 1.3) X 10-16 ma/sec. 
We have made measurements of the radial de- 
pendence of the axial component of the wave mag- 
netic field and found fairly good agreement with the 
theoretical profile as is shown in Fig. 11. The experi- 
mental profile supports our assumptions about the 
boundary condition, although some other assumption 
might lead to a similar profile. 
IX. conauslons 
I t  is felt that the general agreement between 
theoretical and experimental phase curves indicates 
that the theory adequately describes the dispersion 
characteristics of the compressional waves in a 
waveguide. From this type of data the average degree 
of ionizntion can probably be determined within 5%, 
and from the cutoff frequency the error may be 
about 10%. A possible inadequacy of the theory is 
the variation of the resistivity with magnetic field, 
illnstrated in Fig. 11. This effect may be due to 
some systematic error in the experiment of which 
pendent temperature measurements have he11 made. 
We believe the trend may be due to an inadequacy 
of the theory, which assumes r, to be a scalar quan- 
tity, whereas if w./v., is of the order of unity or 
greater, the resistivity is a tensor." Now w, 'v,, is 
of the order of unity for the data of Fig. 10, and 
since the compreseional wave is primarily dependent 
on the transverse resistivity, we may have simply 
obsewed the onset of the tensor character of q. 
While all the data of Fig. 10 is a t  a constant density, 
we are piesently trying to extend the range of the 
parameter w . / ~ . ~  by studying other ion densities to 
see if r, becomes independent of w,/v.,  at  extreme 
values of this parameter as would be cxpcctcd if 
this were the proper explanation of the effect. 
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we arc not aware, or it may be due to a systematic 
" W. Marshall, "Kinetic Theorv of an Ionized GLU", 1%. :!, change in the temperature with magnetic field. U. K. Atomic Energy Itesearch' ISrtal~lirhmellt '1'/ft 21t!, these possibilities ,seem unlikely, although no inde- (lw). 
APPENDIX B 
To express the  transverse wave f i e l d s  i n  t e r m s  of the  longi- 
tud ina l  coponents we f i r s t  write Maxwell's equations 2.29 and 2.30 
-ikz i n  component form, making use of t h e  assumed z-dependence e and 
t he  azimuthal symmetry, 
i k  He = im(elEp + i e 2 ~ @ )  
- ikEf r  - - = i u ( - i ~ $ ~  + E ~ E ~ )  ar 
l a r = ime E~ rar 3 
Using t h e  r- and 8-component equations t he  desired representations of 
t h e  transverse f i e l d s  may be found. For example, solving equation B . l  
for Eg and equation B .2 f o r  Er we have 
Subst i tut ing these expressions i n t o  equation B.5 w e  obtain 
or, using the notation of Section 2.4, 
If equations B. 7 and B .8 are used in B .4 there results 
From the last two equations we can find expressions for H and H8 . 
r 
These are 
and 
which accomplishes the desired result for the transverse wave magnetic 
field components. In similar fashion expressions for Er and Ee may 
be found. They are 
The d i f f e r e n t i a l  equations fo r  Hz and EZ a r e  obtained by using 
equations B.13 and B.15 t o  eliminate Be and H from equations B . 3  8 
and B.6. The results are given by equations 14 and 15 of Appendix A. 
From the solutions f o r  the  longitudinal f i e l d  components (equa- 
t i ons  22a *and 22b, Appendix A) application of equations B. 12 and B. 13 
y ie lds  t he  expressions f o r  Hr and HQ given i n  equations 2.81 and 
2.82. To simplify the  expressions the dispersion re la t ion  (equation 
2.61 o r  equation 20, Appendix A) and equation 19 of Appendix A have 
been used. Note a lso tha t  our assumption J ~ ( T ~ )  = 0 eliminates t h e  
second term appearing i n  the  solutions f o r  EZ and HZ . 
